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Abstract 

In this paper we prove existence and uniqueness of an entropy solution to the A- 
obstacle problem, for L^— data. We also extend the Lewy-Stampacchia inequalities 
to the general framework of L^— data, and show convergence and stability results. 
We then prove that the free boundary has finite (A'^ — l)-Hausdorff measure, which 
completes previous works on this subject by Caffarelli for the Laplace operator and 
by Lee and Shahgholian for the p— Laplace operator when p > 2. 
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1 Introduction 



We consider the obstacle problem in a bounded domain of {N ^2), associated with 
data / G L^{Q), an admissible obstacle ip and boundary data g in T/F^''^(ri) n L°°(f2): 

(1.1) 



Aau = 


I 


in 


U ^ Tp 


in 




u = g 


on 
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where the A— Laplace operator 

'a(|Vu|) 



Aau = rfit>( °^"'^ Vu) = dw{WAu), (1.2) 



is associated with a function a : [0, +00) — > [0, +00), a(0) = and with A{t) = / a{s)ds 

Jo 

the TV-function of the Orhcz-Sobolev space = {u e L^(f7) : Vu G -/-^(^^)}, 

which is the usual subspace of W^'^{n) associated with the norm ||u||M/i./i(f2) = + 
||Vm||a, and where L^{il,) is the Orlicz space equipped with the respective Luxembourg 
norm (see [I]). 

The obstacle problem (1.1), as it is well known (see, for instance, [H]), may be formulated 
as a minimization problem of the functional 



J{v)^ / A{\Vv\)dx+ / fvdx, (1.3) 
Jn Jn 

for a given / e L°°{il), in the convex set 

K^^g ^ {v eW^'^^in), v-geWa'^iQ), v^iP a.e. infi}, (1.4) 

provided K^^g ^ 0, which holds if (V' — ff)^ € ^o '^i^)^ instance, and where Wq^''^(0) 
is the closure oiV{n) in W^^'^iQ). 

In this work we intend to extend several known global and local properties of the solution 
of the obstacle problem and of its free boundary {d{u > n to a large class of 
degenerate and singular elliptic operators under the natural condition which generalizes 
the Ladyzhenskaya-Uraltseva operators, for some constants and ai 

< oo ^ — 7^ ^ fli yt > 0, ao,ai are positive constants. (1-5) 
a{t) 

This not only includes the case of the p— Laplacian Ap (when gq ~ ai = p — 1 > 0) , but 
also the interesting case of a variable exponent p — p{t) > 

A^M = dit;(|Vu|P(l^''l)-2vu), (1.6) 

corresponding to set a{t) = t^^*'"^, for which (1.5) holds if aq ^ t ln{t)p'{t)+p{t) — 1 ^ ai, 
for all t > 0. 

Other examples of functions satisfying (1.5) are given by a{t) — t°'ln{f3t + 7), with 
a,f3,j > 0, or by discontinuous power transitions like a(t) = cit", if < t < tg, and 
a{t) = C2t^ + C3, if i ^ to, where a, (3, to, are positive numbers, and ci, C2 and C3 are real 
numbers such that a{t) is a function (take qq = min(a, /3) and ai — max(a, /?)). Since 
linear combinations with positive constants, products and compositions of functions 
satisfying (1.5) also satisfy a similar condition, with different positive constants gq and 
oi, we conclude that there exists a large class of A^— functions A that are included in this 
work. Without loss of generality, we will assume that oq ^ 1 ^ ai. 
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As it is well known, minimizing (1.3) in (1.4) is equivalent to solving the following vari- 
ational inequality 



u G Kg^^ : I Vau.V{v — u)dx + / f{v — u)dx ^0, Vu G K^^g, (1-7) 

where we used the notation V^u = —7 r^Vu, for the A— gradient associated with the 

|Vu| 

Aa introduced in (1.2). 

Since the assumption (1.5) implies that —IS.a is a coercive and strictly monotone operator 
in W^'^{^1) (see |T3] or [^), which is a reflexive and separable Banach space (see [T]), 
the existence and uniqueness of a variational solution to (1.7) follows easily. In fact, since 
(1.5) also implies the inequality (2.4), which in turn leads to the continuous embedding 
L^{Vl) C U'^'+^ip), we have W^''^{n) C W'^-''">+'^{Vl). Therefore by Sobolev embedding, 
we have 

w^-'^in) c L'i{n) (1.8) 

for q = N{ao + l)/iN - («„ + 1)) if 1 + Oq < N, for any g < 00 if ao + 1 = iV, 
and for 5 = 00 if oq + 1 > iV. Hence, in this later case, we may still solve (1.7) in 
Wi'^(r2) with / only in L^{n), and with / G L'^in) for r > 1 if oq + 1 = A^, or any 
r>q' = N{l + ao)/{Nao + Oq + 1) if Oq + 1 < A^. 

However if ao + l < A^, for a general / G I/^(J7), the second integral in (1.7) is not defined, 
and following [4] and [6], we are led to the more general definition of a solution to the 
obstacle problem, using the truncation function 

Ts(r) = max(— s, min(s, r)), r G K. : 

An entropy solution of the obstacle problem (1.1) is a measurable function u such that 
u ^ ip a.e. in ft, and, for every s > 0, Ts{u) — Ts{g) G Wg^'"*(ri) and 

VAU.ViTsiv-u))dx+ fTsiv-u)dx^O, e K^,g. (1.9) 

JQ. JQ 

We observe that no global integrability condition is required on u nor on its gradient, 
but as it was shown in j4] for Sobolev spaces, if Ts{u) G W^^^{n) for all s > 0, then there 
exists a unique measurable vector field U : Vl ^ such that V(Ts(u)) — X{\u\<s}U 
a.e. in ri, s > 0, which, in fact, coincides with the standard distributional gradient of Vm 
whenever u G VK^'^(ri). 

Our first results concern global properties of entropy solutions in the L^(r2)-framework. 
Without loss of generality we can assume that ao < A^ — 1 . 

Theorem 1.1. For given f G L^{n) and i>,g & W^^'^(f^) n L°°(f7) such that K.^^g ^ 0, 
there exists a unique entropy solution u to (1-9), which moreover satisfies 

N 

u€W^^P{Sl), for all p, 1< p < j^ao. (1.10) 
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In addition, u depends continuously on f, i.e., if fn f in L^{^) and Un is associated 
with (/n, "01 5)7 then 

Un ^ u inW''''P{Vt), for all p, I <p < ^ ^ oq. (l-H) 

We notice that existence results for the obstacle problem in more general Orlicz-Sobolev 
spaces for Leray-Lions type operators with L^{Vl) data have been obtained in jSj. Also in 
the X^-£ramework for Orlicz-Sobolev spaces with a iV— function satisfying the A2— condition 
(see [1], p. 231), but not necessarily (1.5), the existence and uniqueness of an entropy 
solution to the obstacle problem with homogeneous boundary data g = is given in [3], 
and with additional assumptions on the obstacle has been obtained earlier. We observe 
that also in Remark 3.2 of [3], for that result similar to (1.10), improving the 

previous regularity result of [5] for the p— Laplacian under the unnecessary restriction 
2-l/A^<j3<iV. 

The next theorem extends the Lewy-Stampacchia inequalities for the entropy solution 
of the obstacle problem with / in L^(r2). This is particularly important to easily obtain 
the Holder continuity of the gradient of the solution, in the case of bounded data, as an 
immediate consequence of the known results of [13] (see also [T^) for the A^i operator. 

Theorem 1.2. Assume that (/ — A^?/')+ e L^{Vl), in particular if /S.Ai' G L'^i^), 
the entropy solution u is such that A^u G L^(VL) and the following Lewy-Stampacchia 
inequalities hold 

f - if - AaiI')^ iS: Aau f a.e. m n. (1.12) 

Moreover, if f and (/ - AaV)+ e L°°in), then u e C^'"{n), and also u € C^''^{Ti), 
provided that g € C^'°'{dQ) and also dft is a C^'" surface, for some < a < 1. 

We observe that the C^ " regularity of the solution of the one and two obstacle problems 
for these type of degenerate operators was obtained in [14] for C^'" obstacles. 

The inequalities (1.12) and the C^'" regularity are not enough to prove in all generality 
that the entropy solution of the obstacle problem also solves the semilinear equation 

A^u - (A^V - /)X{«=v} = / a.e. in {1, (1.13) 

as, for instance, in the case of the Laplacian (see |18j . for example). Here X{u=ii>} denotes 
the characteristic function of the set {u = ip}, i.e. X{u=ip}ix) = 1 if a; G {u = ^/i}, and 
X{u=i^}{x) = if a; e {m > 

However (1.13) holds, for example, when ■0 = and < Aq < / < Aq, as a consequence 
of the porosity of the free boundary (see [8]) that yields {d{u = V'}) n 17 is of Lebesgue 
measure zero. In fact, the weaker regularity condition (1.13) enables us to show a first 
corollary on the stability of free boundaries, extending the results of [TH] and [19] . 
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Corollary 1.1. Under the assumptions of Theorem 1.1 and Theorem 1.2, for f, fn 
and [ip^g), assume also that the limit entropy solution u satisfies (1.13) and suppose that 

AaiP ^ f a.e. m n. (1.14) 

Then, the respective characteristic functions of the coincidence sets {u„ — ip} converges 
in the following sense 

X{u„=i,} X{«=v} L'{n) for all s < oo. (1.15) 

A third global property of entropy solutions of the obstacle problem is related to the 
monotonicity and T— accretivity of Aa in L^(f2). 

Theorem 1.3. Let the assumptions of Theorem 1.1 and Theorem 1.2 hold for two 
sets of data /ijI/'jS) /2,i/',5) and denote by Ui, = Ayiu^ — fi, i = 1,2, their 
respective entropy solutions. Assume moreover that ip e Wf^^{Q.). Then we have 

I / \f1-f2\dx. (1.16) 

Similarly to earlier works for the p— Laplacian (see [T5] for p — 2 and [12]), from this 
contraction property for the obstacle problem we can easily obtain an estimate for the 
stability of two coincidence sets li = I(ui) = {ui — i — 1,2, in terms of the Lebesgue 
measure of their symmetric difference 

/l-/2 = (/l\/2)U(/2\/l). 



Corollary 1.2. In addition to the assumptions of Theorem 1.3, suppose that both entropy 
solutions satisfy (1.13) and the data satisfy the local non- degeneracy condition, for some 
constant \, 

AaV" - < -A < 0, a.e. in w, i = l,2 (1.17) 
in a measurable subset lj (Z Vt. Then we have 

C'^iih - /2) n 0.) ^ i / 1/1 - f2\dx. (1.18) 

In order to prove local properties, we shall restrict ourselves to the case where 

V-^O and feL°°{n). (1.19) 

We start by estimating the growth of the solution an its gradient in an open neighborhood 
w C of a generic free boundary point xq e {d{u > 0}) H lo, where we shall assume the 
existence of two constants A, A, such that 

< Ao s; / s; Ao a.e. in w. (1.20) 
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We denote hy a ^ the inverse function of a and we introduce the associated complemen- 
tary function A : 

A{t) = I a-\s)ds. (1.21) 
Jo 

Then we have 

Theorem 1.4. Under the assumptions (1.20) and (1.21), the solution u to the obstacle 
problem, and its gradient have the following growth rates near a free boundary point 

xo e {d{u > 0}) n 

u(a;) s; CoA(|a; - xol) Vx e w (1.22) 

|Vw(a;)| < Cia"\|x-a;o|) Vx G w, (1.23) 

for positive constants Cq,Ci depending on N, aQ, ai, Xq, Aq, and on the Lf^^ and C^^j" 
norms of u respectively. 

In fact (1.22) was aheady proved in [5] and extends the well-known quadratic growth 
property observed by CafFarelli in the pioneering work [7 for the Laplacian and the 
corresponding p/{p — 1) growth for the j>— Laplacian obtained in |12| for \ < p < oo. 
The natural consequence (1-23) on the growth of the gradient was also extended to the 
p— Laplacian, but only for p > 2 in [15 . 

In order to obtain further regularity on the free boundary, we shall extend local i^— estimates 
for the second derivatives of the solution obtained in lOi , by assuming additionally 

V/ G MZ^m, (1.24) 

where A^/^^(f2) is the Morrey space (see [17j for definition of this space). 

— ^ is monotone for < i < i*, (1-25) 

for some > 0, where the monotonicity near zero may be either non-increasing or 
non-decreasing. 

Theorem 1.5. Under the assumptions (1.20)-(1.21) and (1.24)-(1.25), the free boundary 
of the A— Obstacle problem is locally of finite Hausdorff measure. More precisely, if Xq G 
{d{u > 0}) n uj and io d fl, then there exists a positive constant Cq such that 

n'^-\d{u > 0} n Br{xo)) < Cor"-\ Br.{xo) C w. 



This result is a natural extension of the same property known for the p— Obstacle problem, 
obtained in [7] for p = 2 and recently in for p > 2. It is new for the case 1 < p < 2. 
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As a consequence of this theorem and general results from geometric measure theory, the 
coincidence set I{u) = {u = 0} is a set of finite perimeter and, hence, the free boundary 
consists, up to a "small" singular set, of a union of an at most countable number of 
hypersurfaces. 

The arguments on the growth of the solution near the free boundary, that are used to 
prove Theorem 1.5, also yield another stability result of the coincidence set I{u) = {u = 
0}, in terms of variations of the solution, extending the results of [7] and [15] . 

Corollary 1.3. If ui and U2 are two local solutions of the A— Obstacle problem, under 
the conditions of Theorem 1.5, then there exists a positive constant C such that 

/:^((/(ui)-/(u2))nw') < -«2lU,c.), w'cccj. (1.26) 

For each e > 0, such that \\ui — U2||oo,w < we have 

{I{u2) n c^')(-ce) C /(lii) n c^' C {U2 < A-\e)}, (1.27) 
where (/(W2) H w')(_ce) — {x e /(W2) H w' : d{x, {u2 > 0}). 



2 Some Auxiliary Results 



We start by recalling some useful inequalities that follow from the assumption (1.5) (see 

s; A{t) s; ta{t) yt ^ o, (2.1) 



l + ai 

sa{t) ^ ta{t) + sa{s) Vs, t ^ 0, (2.2) 
min(s''° , )a{t) ^ a{st) max(s°° , s"' )a{t) Vs, O 0, (2.3) 

iin(si+°o,.si+°i)^^ i^A(st) (l + ai)max(si+''°,si+"Mv4(t) Vs,t >0, (2.4) 
1 + ai 

min(si/"°,si/''i)a^i(i) a"i(st) < ma^is^/"" , s^/''^)a'\t) \/s,t^ 0, (2.5) 

— ^ta^i(i) 5^ ^(i) to^^W Vi^O. (2.6) 
1 + ao 



We also have the following monotonicity inequality (see [5] and [llj ) 



(2.7) 

We start by establishing the Lewy-Stampacchia inequalities for the variational solution. 

Proposition 2.1. Assume that f,{f — Aai/j)^ E L°°(n). Then the variational solu- 
tion u of the obstacle problem associated with (/, V', g) satisfies the Lewy-Stampacchia 
inequalities 

f - if - AAiij)~^ ^ Aau !^ f a.e. in n. 



Proof. Let e e (0, 1), ft- = (/ — A^'0)+ and consider the following approximated problem 



Find u^e g + W^'^^in) such that : 
-AAU,^-f + h{l-H,{u,-^P)) in (W'^'^ifl))' 



where H,{t) = {T,{t))+. 

Using the standard theory of monotone operators and Schauder fixed point theorem, one 
can prove that (Pj) has a solution. Using the monotonicity of and the inequality (2.7), 
one can also prove the uniqueness of this solution. Moreover we have 

IAau.Ioo - 1/ - (1 - H,iu, - i^))ftU «S l/|oo + |ft|oo. (2.8) 

We claim that 

Ue ^ e ^ u ^ Ue a.e. in fl. (2-9) 

First we show that e ^tp.g- For this purpose, it is enough to verify that ^ ip a.e. in 
il. Since {ip — g)^ G Wl'^{Vl), {tp — u^)^ is a test function for (Pe). We obtain 

/ VAU£.V(i/)-u,)+da; = / [- f + [I - H^[u^ - ii^))h){^ - u^)+ dx 
Jn Jn 

= I hf + h)(^~u,)+dx. 

This leads to 



(VaV- - Vau,).V{'^ - u,)+dx - if-AAiJ-{f- A^V)+)(V' - u,)+dx 
n Jn 

\f - AAi)y{il)-u,)+dx 0. 

f2 
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Using (2.7), we deduce that V(V' — Uc)'*' =0 a.e. in fl. But because (tp — Ue)'^ = {ip — g)^ = 
on 9r2, we obtain [if) — u^)'^ — a.e. in £7. Hence we have proved that ^ a.e. in fl. 

Next we prove that m ^ a.e. in il. To do this we use u — {u ~ u^)^ as a test function 
for the obstacle problem associated with (/, g). We obtain 

/ VAU.V(u-Me)+da; / -f{u-u,)+dx. (2.10) 

Jn Jn 

Using (it — Uf)"*" as a test function for the problem (Pe), we obtain 

/ VAUe.V{u-u,)+dx = I {-,f + {l-H,{u,-^P))h){u-u,)+dx. (2.11) 
Jn Jn 

Subtracting (2.10) from (2.11), we obtain 

/ {V AU - V AUe) {u - Ue)^ dx - h{l - H^{u^ - ip)){u - u^)+ dx 0. 
Jn Jn 

Using the fact that we have {u — Ue)+ = [g — .g)"*" = on dVl, we conclude as above that 
{u — Me)"*" = a.e. in VL, or equivalently that ^ u a.e. in n. 

Now we prove that — e ^ u a.e. in fl. To do this we use u + (ug — u — e)+ as a test 
function for the obstacle problem associated with {f,i),g) and (ue — u ~ e)+ as a test 
function for the problem (Pe). We obtain 

- / Vau.V(u£ -u- e)+dx / f{u, - it - e)+dx (2.12) 
Jn Jn 



VAUe-V(Me — u~ e) dx ~ j (— / + (1 — H^{ut — 'ijj))h){u^ — u~ eydx. 
n Jn 

(2.13) 

Adding (2.12) and (2.13), we obtain 



(V^(uc — e) — V^m) .V(we — e — w)+(ix ^ / h{l — H^{u^ — 'tp)){ue — e — u)^dx 
n Jn 

= 0. 

Using (2.7) and the fact that we have (u^ — e — u)+ = {g — ^ — g)^ = on dft, we conclude 
as above that {u^ — e — it)+ — a.e. in 51. This means that ~ e ^ u a.e. in fl. 

Now we deduce from (2.9), that Ue converges to u in L°°{fl). We also deduce from (2.8) 
that Ue e C;^o"(fl) and bounded in each Ci'"(fy) for each f2' CC n (see [H]). There 
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exists therefore a subsequence such that — > u in C^'^{Q') for each Q' CC and each 
/3 < a. 

Since we have 

f ~ h ^ AyiUf ^ / a.e. in fi, 
we get for every (p e ^{n), f ^ 

-fipdx ^ / VAUe-^fdx ^ / {-'f + h)ipdx. 
o JQ. Jn 

Letting e — > and using the C,„'^ convergence of to u, we get 

/ --fipdx ^ / \7 AU-'^^dx ^ / (— / + h)ipdx. 
Jn Jn Jn 

Hence we obtain 

f-if-AA^)+^AAU^f a.e. in n. 

□ 

Let us now give a definition that will be needed in the next proposition and later on. 

Definition 2.1. Let p > 1 and w G Vl^^'^(ri). We say that w{x) > in the sense of 
W^''P{fl) if there exists a neighborhood dx C fl of x and a nonnegative function C, € 
W^^°^{n) such that C{x) > and w ^ C 

a. e. in dx ■ This definition is clearly independent 
of C, and one can verify that the set {w > 0} is an open set of il. Similarly we define 
{w < 0}. 

Proposition 2.2. Let u be the entropy solution of the obstacle problem associated with 
{f,ip,g)- Assume that we have u £ W^'P{n) for some p > 1. Then we have 

Aau = / a.e. in {u > tp}- 



Proof. According to Definition 2.1, we denote by A the open set {u > tp} and we argue as 
in [20]. Let (p e 2?(A), s > \g\oo, \tp\oo, and e > small enough so that v — Ts{u) ± e(p £ 
K^_gC\L°° {Vl). Using w as a test function for the obstacle problem associated with (/, -0, g), 
we obtain 

/ V A'u..'^{Tt{Ts{u) ±eip - u))dx ^ I - fTt{Ts{u) ± eip ~ u)dx 
Jn Jn 

which can be written as 

±e / VAU.'^ipdx^ / —fTt{Ts{u)±eip — u)dx. 

J{\Ts{u)±eip-u\<t} Jn 
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Choosing t > e\(p\oo and letting s ^ oo, we get 

±e / \/AU-^y^dx > / —fTt{±eip)dx = ±e / —fipdx. 

J{\eip\<t} Jn Jn 

Hence we get 

/ AU.S/ipdx = / —fipdx 
J A Jn 

or Aau = f a.e. in A. □ 

Proposition 2.3. Let the assumptions of Proposition 2.1 hold for two sets of data 
/ijV'iS) and f2,^,g) and denote by Ui, = A^u^ — f^^ i = 1,2, their respective varia- 
tional solutions. Assume moreover that ip € Then we have 

I \ii-^2\dx^ ( \f1-f2\dx. (2.14) 
Jn Jn 



Wc need two lemmas for the variational solution of the Ag-obstacle problem associated 

with (/, 1/1,9), where is associated to the function a^{t) = ^'^(^^ '^i J. Note that 

satisfies (1.5) with the same constants ao, ai. In the first lemma, we establish a regularity 
result for u^. 

Lemma 2.1. Assume that f G L^^{fl) and ijj e If Ue is the variational 



solution of the A^-obstacle problem associated with {f,tp,g), then we have e W;^'^(f2). 
In particular we have VA^We e WjJ^ (fi). 



Proof. Note that satisfies the Lewy-Stampacchia inequalities proven in Proposition 2.1 
/-(/-Aa.V)+< AA,We</ a.e. in (2.15) 
Moreover, since V € ^loT^^)-: 



Aa> = 



IWI V a,(|VV|) ) |VV|2 ■ 



Using (1.5), we obtain for any ball B CC O and x G B 

< ai \D Vloo, fi- 



ll 



It follows that S LJ^^(ri). Taking into account (2.15), we deduce that A^^Uc G 

^ioc(^)' which in turn leads to G W^^^{i}) (see [TO])- Now since 



we get by (1.5) 



\Wu,\a[{\\/u, 



\ a, 



(IVUel) 



ir..^ M a((e+|Vu,(a;)|2)i/2) 



(e+|Vu,(x)|2)i/2 



Hence V^.^e G l^jof (f^) 



□ 



Lemma 2.2. Lei t/ie assumptions of Lemma 2.1 hold for two sets of data fi,ip,g) and 
/2,'07.9) '^i^d. denote by u\, — /S.au\ — fi, i — 1,2, their respective variational solutions. 
Then we have 

(2.16) 



/ lee-ejdx^ f \.fl-f2\dx. 

Jn Jn 



Proof. By Lemma 2.1, we have A^^u^ G L°°{n). Integrating by parts and using the 

«((£ + |£|2)l/2) 

monotonicity of — , , ,^ f, we get for (5 > 

(e+|eP)i/2 

/ {Aau] - AA^u^J.iTsiu] - ul))dx = - [ {yAA-^A,ul).V{T,{u\-ul))dx 
Jn Jn 

= - / T^{ui - u^K^Au] ~ ^AU^J-i^ul - ^uDdx ^ 0. 

Letting (5 0, we get for Tq{s) — sign{s) — s/\s\ if s 7^ 0, and ro(0) = 

/ {Aa,uI - Aau''J.{To{uI ~ ul))dx 0. (2.17) 
Jn 

Note that 

iC - Oi^l - "e) ^ a.e. in n. (2.18) 

Indeed since {u^ > ul} C {u^ > we have = a.e. in {u^ > ul}. It follows that 
(Ce - 4^)('«e - ul) = -S,l{ul - u\) Q a.e. in {u\ > u^}, since < a.e. in Q by 
Proposition 2.1. Similarly, we show that (^^ — (.Di^e — ul) ^ a.e. in {u^ < ul}. Hence 
(2.18) holds. 

We know from Lemma 2.1 that we have V^^m* G Wl^^{rt). Since Va,u^ = V^.u^ a.e. in 
{u^ = ul}, we obtain divCV a^u^) = div^V a^uI) a.e. in {u^ — ul}. Hence we have 

4' - C = /i - /2 + Aa^, - Aa,uI ^fi-h a.e. in {ul ^ul}. 
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Taking into account (2.18), we obtain 

/ i€i - ee\dx = [ ici - ^^\dx + [ - ee\dx + [ - e^x 

JQ J{u^=ul} J{n2>„i} J{«2<„1} 

= / \h-h\dx+[ {^2-ii)dx+ ( {^i~^2)dx 

J{u1=ul} "'{«?>iii} "'{"?<«J} 

= / \h-h\dx+[ ih - f2 + Aa,uI - AA,ul)dx 

+ / (/2 - /l + AauI ~ AA,ul)dx 

= / \fi-f2\dx+f {h-h)dx+( {h-h)dx 

J{u1=ul} J{u1>ul} "'{«2<„i} 

+ / {Aa,uI - AAu\)dx + / {AauI~ AAul)dx. (2.19) 

J{«2>„1} J{ul<ul} 

Taking into account (2.17) and (2.19), we obtain 

I \e,-eAdx ^ ( \h-h\dx+ ( {AAA-AAul).{To{ul-ul))dx 
Jn Jn Jn 

^ I \h~h\dx. 
Jn 



□ 

Proof of Proposition 2.3. Let ui, U2 be two variational solutions of the A— obstacle prob- 
lem associated with {fi,ip,g) and (/2,V':ff)- We denote by uIjU^ the variational solu- 
tions of the Ag— obstacle problem associated with {fi,tp,g) and (/2,V')S') respectively. 
We observe that we can prove, as in the proof of Lemma 2.3 of [10], that there exists a 
subsequence (e„) such that ul^ and converge in W^'^{V,) respectively to ui and U2. 
Let £,1^ = Aa^^uI^ — fi, i = 1, 2. Then we have by Lemma 2.2 

/ le^^-ejdx^ [ \f1-f2\dx. (2.20) 
Jn Jn 

Let O be an open set such that O CC n. Let (5 > 0, and consider the open set — {x & 
O : \V'ip{x)\ > S}. Note that we can assume, without loss of generality, that we have 
e„ < (5 for all n ^ 1. Using (1.5) and arguing as in the proof of Lemma 2.1, we obtain for 

n ^ 1 and x £ Os 

a((^+|V^nV^) . 
^ ai \D -0100,0 



\V^j{x)\ 
, a(72|V^U,B) |^2 ,1 
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It follows that A^^^V is bounded uniformly in L°°{Os). Taking into account (2.15), we 
deduce that Aa^^uI^ are bounded uniformly in L'^{Os)- 

Consider now the measurable set Oq = {x G O : Vtp{x) = 0}. Since ^ e W'^'°°{0), we 
have Aa^^iJj = a.c. in Oo- Wc deduce from (2.15) that — /~ ^ Aa^^uI^ ^ fi a.e. in 
Co- Therefore Aa^^uI^ are bounded uniformly in L°°(Oo). 

We conclude that Aa^^uI^ are bounded uniformly in L°°{Oo U O5). Since moreover 
Va^^uI^ converges to V^Wj in L^{fl), we deduce that we have up to a subsequence 

Aa^^uI^ Aau' weakly-* in L'^{OoUOs), 

and therefore 

^A,n<n ^AU' in L\OqUOs). 

It follows that 

4 - in L\OoUOs). (2.21) 
Using the semicontinuity of the norm ||.||i:,i(OoU05)) we get from (2.20)-(2.21), since 

/ \e,^-ejdx^ [ \ee^-ejdx 

JoquOs Jo. 

I la -i2\dx<, lim inf / 14 - 4 |dx < / |/i - 
JoouOs JoouOs Jn 

Given that O and S are arbitrary, we obtain 



dx. 



I \^i-^2\dx^ [ \h-h\dx. 
Jn Jn 



□ 



3 Lemmas on Entropy Solutions 



Since variational solutions, in particular those obtained with / e L°°(f2), are also entropy 

solutions, in this section we establish several auxiliary results on convergence of sequences 
of entropy solutions when /„—>•/ in L^(f2). Without loss of generality, we assume that 
^ ll/lli + 1-We start with an a priori estimate. 

Lemma 3.1. Let vo G K^^g n L°°{Cl), and let u be an entropy solution of the obstacle 
problem associated with (/, ip, g) . Then we have 

[ Ai\VTt{u)\)dx ^ {1 + ai)2^+''' [ Ai\Vvo\)dx + 2t\\f\\i, Vi > 0. 
Jn Jn 
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Proof. Using vq as a test function for (1.9), we get for f > 

/ WAU.{Vvo-Wu))dx^ I - JTt{vo - u)da. 

Ji\vo-u\<i\ Jn 



l{\vo-u\<t} 

or 



/ \Vu\a{\Vu\)dx < / VAU.Vvodx+ / fTt{vo - u)dx 

J{\vo-u\<t} J{\vo-u\<t} Jq 

< / a{\Vu\).\Vvo\dx.+t\\f\\i. (3.1) 

J{\vo-u\<t} 

Using inequalities (2.2)-(2.3), we get 

/ a{\Vu\).\Vvo\dx f \Vu\a{\Vu\)dx+ 1 \Vvo\a{2\Vvo\)dx 

J{\vo-u\<t} J{\vo-u\<t} J{\vo-u\<t} 

[ |Vw|a(|Vti|)da; + 2"i / \yvo\a{\Vvo\)dx. (3.2) 

^J{\vo-u\<t} J{\vo-u\<t} 

Combining (3.1) and (3.2), we obtain 

/ \yu\a{\Vu\)dx^2^+''-' [ \Vvo\a{\Vvo\)dx + 2t\\f\\i. (3.3) 

^{|do— "!<*} J{\vo-u\<t} 

Replacing t by f + 11)0100 in (3.3) and using the fact that {\u\ <t} C {\vo — u\ < t+\vo\oo}, 
we obtain 

/ |Vw|a(|Vw|)da; < 2i+»i / \Vvo\a{\Vvo\)dx + 2t\\f\\i. 
J{\u\<t} Jn 

Taking into account (2.1), we get the result. □ 

In the rest of this section, let (m„) be a sequence of entropy solutions of the obstacle 
problem associated with (/n,V'ifl') and assume that 

fn^f in L\fl). (3.4) 

Lemma 3.2. There exists a measurable function u such that 

Un ^ u in measure, 
Tk{un) Tk{u) weakly in W'^'^{Q) 

Tk{un) Tk{u) strongly in L^{Q,) and a.e. in Q. 
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Proof. Let s,t and e be positive numbers. It is easy to verify that we have for every 
n, m ^ 1 

C^i{K-Um\>s}) ^ C''{{\u^a\>t})+C^{{\u„^>t}) 

+C^{{\Tt{un) - Tt{u^)\ > s}). (3.5) 

Moreover we have 

jC''{{\Un\>t}) = ^ [ A{t)dx 

J{\Un\>t} 

^ l/i\Ttiun)\)dx. (3.6) 

Since Vq = g + {ip — <?)+ G -?^v,s deduce from Lemma 3.1 that 

[ A{\VTt{un)\)dx= [ A(|Vw„|)rfa;< (l + ai)2i+«i / ^(|V^;o|)da; + 2t||/||i. 

Jn J{\u\<t} Jn 

(3.7) 

Using the convexity of A, Poincare's inequahty, the fact that Tt{un) — Tt{g) € WQ''^(fi), 
and (2.4), we deduce from (3.6)-(3.7) for every t > \g\oo and for some positive constant 
C independent of n and t 

c r , , 2t 



-C^({KI>i}) < ^J^{A{\Vg\)+Ai\vmdx- 



A{t) 



Ct + C 
^ A{t) ■ 
We deduce that there exists t^> such that 

£^({|«„| >0) < I VOt„ Vn>l. (3.8) 
Now we have as in (3.6) 

£^({|Tt.(«„)-Tt,(«™)| >s})<-^^A(|Tt.(«„)-Tt,(u„)|)dx. (3.9) 

Using (3.7) again, we see that {Tt^{un)) is a bounded sequence in W^''^{fl). It follows 
that up to a subsequence (Tt^(u„)) converges strongly in 1/^^(0). Taking into account 
(3.9), there exists no — no{t^, s) ^ 1 such that 

jC^{{\TtSun)-TtSum)\>s})<^ Vn,m>no. (3.10) 

Combining (3.5), (3.8) and (3.10), we obtain 

{{\un - Um\ > s}) < e Vn,m>no. 

Hence (u„) is a Cauchy sequence in measure, and therefore there exists a measurable 
function u such that u„ — >^ « in measure. The remainder of the lemma is a consequence 
of the fact that (T'fc(?x„)) is a bounded sequence in W^'"^{Q). □ 
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Lemma 3.3. Let u he an entropy solution of the obstacle problem associated with (/, g). 
Then we have for every t> Q 

lim / A{\Wu\)dx = Q. 

f^^"^ J {h<,\u\^h+t} 



Proof. Let t,h> and u be an entropy solution of the obstacle problem associated with 
{f,ip,g)- For h > Isloo) IV'loo, it is easy to check that Th{u) is a test function for (1.9). 
We obtain 

/ VAU.y{Tt{u-mu)))dx ^ [ -fTt{u-Th{u))dx 
Jn Jq 

or 

/ |VM|a(|Vu|)rfa; < t / \f\dx 0, 

J{h^\u\^h+t} J{\u\>h} 

as /l ^ 00. 

We conclude by taking into account (2.1). □ 

Proposition 3.1. There exists a subsequence of {un) and a measurable function u such 
that for each p G (l, j^^ao), we have 

strongly in W^^^{Vl). 

If moreover ai < j^ao, then 

VaUti — >■ Vau strongly in L^{fl). 



To prove Proposition 3.1, we need two preliminary lemmas. 

Lemma 3.4. There exists a subsequence of [un) such that for each p G (l, 7733-00) > we 
have 

Un ^ u weakly in W^'^{^1) 
Un ^ u strongly in L^ifl). 



Proof. Let A; > and n ^ 1 and define D/. = {\un\ ^ A:} and Bk = {k ^ < A: + 1}. 
Using Lemma 3.1 with vq = g + {tp — (/)+, we obtain 

/ A{\Vun\)dx^2^+'''{l+ai) [ A{\Vvo\)dx + 2k\\f\\i. (3.11) 

JDk 
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Using the function Tfc(w„) for k > \g\oo, IV'loo, as a test function for the problem associated 
with (/„,?/', g), we obtain 

VAW„-V(ri(M„ - Tk{Un)))dx ^ / -fnTi{Un ~ Tk{Un))dx 

Jn Jn 
or 

/ \\7u„\a{\Vun\)dx |/„|i ll/lli + l. 
Using inequahty (2.1), we get 

A{\Vun\)dxi^\\f\U + l. (3.12) 



Now let p e (l, TTTjao) and consider the function Ap{t) = A{t^^P). It is easy to verify that 

the function ap{t) — A'p{t) — Hp^^a{t^^P) satisfies the inequalities (1.5) with constants 
bo,bi, i.e. 

''0 ^ u\ °i > 0, with bo = , bi = . 

Note that because oq < iV — 1, we have p < j^zj'^o = ao + jv^^o < aq + 1. We also have 

p < j^z^ao < N, since ao < — 1. 

Applying Holder's inequality (see [I]), we obtain 

/ |Vz.„rdx<2||Vu„r|^.,(^^^.|l|^^,(^^). (3.13) 

From (3.12), we deduce that 



ApilVunindx^ ^(|Vu„|)dx^ ll/lli + l. (3.14) 

Let A* = max(((l + fei)(l + ||/||i))^, ((1 + 6i)(l + ||/||i))^)- Using the inequality 
(2.4) for Ap and (3.14), we obtain 

< (l + 6i)(l + ||,/||i)niax(-^,-^)^l. 

This leads to 

||V««rLA.(B,) max (((1 + 6i)(l + ll/lli))^, ((1 + fei)(l + ||/||i))^). (3.15) 
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Next we evaluate 



|lL-nB.) = inf{A>0 : J^ A,{j)dx^l} 

1 



'Bk 

inf{A>0 : 



1 



Taking into account (3.13), (3.15) and (3.16), we obtain 



(3.16) 



\WUn\^dx ^ 



or 



(3.17) 



\Bk\ " n/^JVu„Nx. 

Let = -j^^. Since linife^oo l-Bfe I = 0, we deduce from (3.17) that lim / |Vu„|^da; = 0. 
It follows that there exists ko^ 1 such that 



JBk 



< 1, Vfc > fco, Vn > 1. 



Since \Bk\ < / \un\^*dx, we obtain from (3.17) and the inequalities (2.5)-(2.6) ap- 



plied to Op, that for all ko 



Bk 

1 bp 

This leads for Ca = ((l + -)Ip(Ci)) '"^ ° to 



i+i>o 



Summing up over from k = kQ\,ok = K and using Holder's inequality, we obtain 
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Note that ^ 

/ \VunY'dx= [ |Vu„|f(ia;+V / |Vw„|fda;. (3.19) 

To estimate the first integral in the right hand side of (3.19), we argue as above by using 
Holder's inequality. We obtain 

/ |V.„Rx ^ 2||V.„r|,.^ .|1|^,^^^ ^^2A.. \ 

< 2A.. / 1 . = Co- (3.20) 

Note that the series converges since ao > j^zjPj and 

k=ko 

pN ao + l-p N ^ ^ N ^ N ^ 

p*6o = ^r^^ = — (ao + l-p)> — {— — -p+l-p) > 1. 

N — p p N — p N—pN—1 

Combining (3.18)-(3.20), we get for ko large enough 



(3.21) 



Note that TR-(wn) S ^^ ''(0). Indeed we have by Holder's inequality 

/ |VTK(u„)Ra; < 2||VrK(u„)|^|^.,(^,.|l|^.- = J ^ .| |VrK(»n)r|^., 

Jf2 .Ap { 77=77 ) 



and 



/ Ap{\VTK{un)ndx = [ A{\VTK{un)\)dx < cx>. 
Jn Jn 



Similarly we verify that Txig) = g & W^'P{rt) for K > \g\oc- Hence we have TK{un) — g € 
Wq'^{VI). Using the Sobolev embedding Wo'^(O) c L^*(il), Poincare's inequality, we 
obtain 

|T'K(u„)li..(o) < 2^'-i(|T'x(tx„)-5li..(o) + l5li..(a)) 

< 2^'-i(C|V(T;,(n„) -ff)|i,(^) + 

< 22(^'-i)C|VT^(«„)li,(^) + 22(^'-i)C7|Vff|i,(^) + 2^'-i|5li,.(o) 

= C4f / |Vu„|Prfa; + l). (3.22) 
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Using the fact that 



/ \TK{Un)f'dx^\TK{Un)\l',,,n) (3.23) 



we obtain from (3.21)-(3.22), for C5 = Cscf^ 



I \\IUn\^dx < Co + C3|TK(^/„)|fSa) 

J{|«„|^K} 



P* ''0 

p(i+i>o) 



(3.24) 



Now it is easy to verify that 



< 1 ^ ao + KN. 



p{l + ho) 

It follows from (3.24) that for /cq large enough, the integral / |Vu„|^c?x is bounded 

J {\u,^\'^K} 

independently of 71 and K. Using (3.22)-(3.23), we deduce that / \un\^''dx is also 

J{\u^KK} 

bounded independently of n and K. Letting K — > 00, we deduce that |Vu„|x,p(si) ^^nd 
I'^rilip* (n) are uniformly bounded independently of n. In particular u„ is bounded in 
'H^^'''(ri). Therefore there exists a subsequence of (u„) and a function v E W^'P{il) such 
that 

Un ^ V weakly in W^'^{V,) 

w„ — > w strongly in L^{D,) and a.e. in n. 

But since u„ — > u in measure in fl, we have necessarily u = v and u € Vl^^'^(ri). 

□ 

Lemma 3.5. There exists a subsequence of (un) such that for each k > 
lim / (V^Un - VAUm).V(u„ - Um)rfa; = 0. 



Proof. We argue as in [5] for the proof of the uniqueness of the entropy solution. So let 
n,m ^ 1, k > and h ^ |(?|oo, |'0|oo, with k < h. Let u„ and Um be two entropy solutions 
of the obstacle problem associated with {fn,^,g) and (/m,V'jff) respectively. It is easy 
to check that Th{um) and Th{un) are test functions for (1.9) associated with {fm'ip,9) 
and {fm, V': 9) respectively. We obtain for t > 

V AUn-y{Tt{Un-Th{Um)))dx / - f nTt{Un ^ Th{Um))dx 

o Jn 
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VAUm.V(Ti(u™ - Th{Un)))dx / -f,nTt{u,n ^ Th{Un))dx 

In Jn 
Adding the two inequalities, we get 

/ Vau«.V(u„ - Th{um))dx 

"'{|«n-Tfc(n„)|^t} 

VAU„i.V{Um - Th{Un))dx 



'{|'"„>-Tft(u,.)Kt} 

< / -{fnTt{Un~Th(Um)) ^ fmTt{Um-Th{Un)))dx. (3.25) 



Let us introduce the following sets as in [5] 

Co = - Um\ ^ < h, \Um\ /l} 

= {|U„ - r;,(M„)| < t, \Um\ > h} 
6*2 = {\Un ~ Th{Um)\ < t, SC /l, |u„| > h} 

Cl ^ {\u,^ - T,,{u„)\ ^t, \u„\>h} 

C'l = {\u,n ~ Th{Un)\ < t, \Un\ < h, \u,n\ > h} . 

Then it is easy to see that {|u„ ~ T'/i(u„)| < <} = C^' U Cj' U and {|u„i - T,j(u„)| 
i} = U C;^ U Ci*. Moreover we have 



VaU„.V(u„ - Th{Ujn))dx + / VAUm.V(M™ - Th{un))dx 

(VaUk - V^Um) . V(u„ - Um)dx. (3.26) 





- Th{um))dx = 


/ 




- Th{un))dx = 






- Th{um))dx = 


/ 




- Th{un))dx = 


/ 



Vy!iu,„.Vu„o?x. 

(3.27) 

We deduce from (3.25)-(3.27) that 

/ iy AUn ~ ^ AUm) iUn ~ U.m)dx / - {fnTt{Un ~ Th{u„i)) + fjnTfiUm " Th{Un)))dx 

Jc'l; Jn 

+ / \Vun\a{\Vu„,\)dx + / \Vu^\ai\Vun\)dx. (3.28) 
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Using inequality (2.2), we obtain 

/ \Vun\a{\Vum\)dx / |Vu„|a(|Vu„|)(ix + / \Vum\ai\Vum\)dx 
Jc^ Jc^ Jc^ 

^ / \Vun\a{\Vun\)dx + / \Vum\a{\Vum\)dx. (3.29) 



I {h<\u„\(ih+t} J {h-t<\urr.\!ih} 

Similarly we have 



\Vum\a{\Vun\)dx ^ / \Vun\a{\Vun\)dx + / \Vum\a{\Vum\)dx 
/ |Vu™|a(|Vu™|)da;+ / |Vu„|a(|Vu„|)da;.(3.30) 

J \h<\um\^h+t\ J\h-t<\un\<,h?, 



Now since k < h, we have Cq C Cq . Choosing t = 2k, we obtain from (3.28), by using 
(2.7) and taking into account (3.29)-(3.30) 



/ (V^U„ - VAUm) •V(u„ - Um)dx 

^ [ -{fnTt{Un - ThiUm)) + fMUm ' Th{Un)))dx 

Jn 



+ / \'S/Un\a(\yun\)dx + / \yun\a{\yun\)dx 

J {h<\un\<,h+t} J {h-t<\un\^h} 

+ / \yum\a{\Vum\)dx + / \yum\a{\^Um\)dx. 

J {h<\u„^\^h+t} J {h-t<\um\<,h} 

Letting /i — )• oo, and using Lemma 3.3 and Lebesgue's theorem, we get 

/ ( VAWn - V^Wm) • V(U„ - ■U„)rfa; ^ j -{fn- fm)Tt{Un-Um)dx 

J {\u„%k,\u^%k} Jn 

^ Afn — /m|l- 

We conclude by using the monotonicity inequality (2.7) and the convergence of (/„) to 
/ in L\n). 

□ 

Proof of Proposition 3.1. We argue as in the proof of Lemma 3.2. So let s,fc and e be 
positive numbers. Then we have for every n, to ^ 1, {jVun — V?i„i| > s} C El^{J El^U E'^\J 
U Em,n where E^ = {|u„| > k}, El = {|Vu„| > k} and = {||Vu„ - Vum| > 

S, \Un\ < fc, ^ fc, |Vu„| < /C, |VUm| ^ k} . 

C^{{\Wun - V«„| > s}) ^ £^{Ei) + C^{El) + C^{El) + {El) + £^ (£;„,„). 

(3.31) 
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Using the fact that by Lemma 3.4, the sequence (u„) is uniformly bounded in W^'P{CI), 
we obtain 



c_ 

kP' 



We deduce that there exists fc^ > such that 

yk^h, vn,m^i, /:^K) + £^«) + £^(i;2^ + £^(i;^)<|. (3.32) 

Now using the inequahty (2.7), we get for all n, m > 1 



(|Vw„|2 + |V«„|2)i/2 



< j (V^Mn - VAWm) -(VUn - VUm)dx 

"^T^TTTn [ {VAUn-VAUm)-{^Ur,-VUm)dx. (3.33) 

Using the fact that we have in Em,n 

s < \Wu„ - Wum\ < |Vu„| + |Vu„| < V2{\Vu„f + \Vumfy^^ 
(|Vw„|2 + |V«„|2)i/2 < kV2, 

we deduce from (3.33) 

/ (Vaw„ - VAWm).(Vu„ - Vum)da;. 

S20(S/V'2)C(A, A^) J {\Un\^k,\u,n\^k} 

Using Lemma 3.5, for k = k^, there exists no = no{s, A;, e) > 1 such that 

.C^(^m,n)<| Vn,m>no. (3.34) 
Combining (3.31), (3.32) and (3.34), wc obtain 

£^({|Vu„ — VmtoI > s}) < e Vn,m^no. 

We deduce that the sequence (Vm„) is a Cauchy sequence in measure, and therefore there 
exists a measurable function V such that (Vw„) converges in measure to the measurable 
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function V. Wc shall prove that V = Vu and that (Vun) converges strongly to Vu in 

LP{n) for each p € (l, ^ao)- To do that, we will apply Vitalli's Theorem, using the 

fact that by Lemma 3.4, Vm„ is bounded in LP(f2) for each p g (l, jJzjC'o)- 

So let r e [p, TTTjOo) and O C be a measurable set. Then we have by Holder's 

inequality 

J \Vu„fdx ^ ( y" \Vun\''dxy^\\0\'^ ^ ClOl"^ ^ 

uniformly in n, as |0| 0. We deduce that Vun converges strongly to V in Lp{Q). Using 
the fact that Vu„ converges weakly to Vu in Lp{Q), we obtain V = Vu and also that 
(Vu„) converges strongly to Vu in LP{fl) for each p € (l, j^zjO-o)- 

Now assume that ai < j^zzj'^o and let p G (ai, j^zijO'o)- Note that since Vu„ converges 
to Vu a.e. in SI, to prove the convergence 

VAUn Vau in L^{n) 

it suffices. Thanks to Vitalli's Theorem, to show that for every measurable subset O of 

O, / IVAWn^a; converges to uniformly in n, as \0\ 0. Note that |VAWn| ^ a(|VM„|) 
Jo 

and let D{t) = {a-'^{t))P. The function d{t) = ^° 'Z*^^" satisfies the inequalities 

^td'{t) u^^n ^ p-a,i p-ao 

d{t) ai ao 

It follows that we have by Holder's inequality 

j^a{\Vun\)dx < 2\a{\Vun\)\\j^o(^oy\AL^{oy 

D{a{\Vun\))dx = I |Vu„|frfa;<C, 
Jo 



Since we have also 



and 



we obtain 



a{\Vun\)dx ^ 



c 



uniformly in n, as |0| ^ 0. 



□ 



Lemma 3.6. Let [vn) he. a sequence of measurable functions uniformly bounded in 

and converging in measure to a measurable function vinfl. Then (vn) converges strongly 

to V in L^{n). 
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Proof. Let s, e be two positive numbers. First note that we have for each measurable 

subset D oi fl (see the proof of Lemma 3.4) |x£)|i,a(q) = f i\ - Next we have by 

^ {d) 

Holder's inequality 



/ \Vn-Vm\dx+ / \Vn-Vm\dx 



^ S\n\ + 2\Vn - ■ymliA(o)-|X{|t,„-«„|>s}|L>l(n) 

^ S\n\ + 4:C.\X{\Vr,-V^\>s}\LA(Q) 

AC 

^ 1 V (3-35) 

Choosing s = i^^^ and using the convergence in measure of to v in O, we deduce 
that there exists no ^ 1 such that 

{{\vn - Vm\ > s)) < ,/8C\ '^n,m^no. (3.36) 

Combining (3.35) and (3.36), we obtain |w„ — w„i|i < e for all n,m^ no- Hence {vn) is a 
Cauchy sequence in L^{ft), and therefore it converges in L^{Q). □ 

Lemma 3.7. T/iere ea;ists a subsequence of Un such that for all k > 
VATk{un) VATk{u) Strongly in i^(0). 



Proof. Let fc be a positive number. First note that the sequence (VaIKm™)) is uniformly 
bounded in L^{fl). Indeed we have by the inequalities (2.1), (2.6), and Lemma 3.1 

/ A{\VATk{un)\)dx < / A{\ai\VTkiun))\)dx 
Jn JQ 

^ [ \VTk{un)\a{\VTk{un)\)dx 
Jn 

< (1 + ai) / A{\VTk{un)\)dx 

Ja 

< a 

Next it is enough, thanks to Lemma 3.6, to show that there exists a subsequence of (u„) 
such that 

VATk{un) VATk{u) in measure in O. (3.37) 

Let us first establish the following convergence 

VT'fc(u„) — > VT/c(u) in measure in Q,. (3.38) 
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Let s be a positive number and set F„ = {|VTfe(u„) — VTfc(u)| > s}. Note that we have 
Fr^cF^UF^UFlwith 

F^ = {|Vu„ - Vu\ >s}n {\un\ fc} n {|«| < k} 

F^ = {\Vu\> s}n{\un\> k^\u\} 

Fl = {|VU„| > S} n >k^ \Un\}. 

Taking into account that (Vu„) converges in measure to Vu in 17, and the fact that 
F^ C {|Vu„ — Vu| > s}, we see that 

Um £^(F„i) =0. 

n— >oo 

Since u, m„ € M^^-P(f2), we have Vu = a.e. in {u = fc} and Vu„ = a.e. in {w„ = A:}. 
Therefore we have 

£^(^2) < £^({|u„| > k > \u\}) and C'' {F^J ^ £^({|w| > A; > 

Using the a.e. convergence of (■u„) to u in f2, we see that 

hm /:^({|u„| > fc > = Um £^{{\u\ >k> |w„|}) = 0. 

n—>-oo n— >-cxD 

This leads to Hm JC'^{F^) = Hm C^{F^) = 0. Finally (3.38) follows, since we have 

n— ^oo n— >-oc 

£^(F„) < £^(F„i) +£^(F3). 

Let us now establish (3.37). So let s be a positive number and set 

En = {\VATk{Un) - VATk{u)\ > s}. 

Note that we have for each positive number t and each n ^ 1 En C E^^U E^U E^, with 

Ei = {\WTk{un)\ > t}, El = {\Wn{u)\ > t} 
El = Enn {\VTk{un)\ ^t}n {\VTk{u)\ < t}. 

Using the fact that by Lemma 3.4, the sequence (u„) and the function u are uniformly 
bounded in W^-'^{Q), we obtain 

£^(i?l) ^ 1 ^ \Vn{UnWdx ^ 1 ^ IVUnl^dx ^ ^. 

C^'iEl) < 1 1^ \Vn{u)\^dx < i ^ < ^. 

We deduce that there exists > such that 

Vt^t,, Vn^l, £^(i;i)+£^(£;2) < 1. (3.39) 
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Now we claim that there exists a positive constant C{A, N) depending only on A and N 
such that we have the following inequality (see [11]) 

^ CiA, A.)|^-C|^l|^±|^ V^, C e xK^\{(0, 0)}. (3.40) 
Since 

\VATk{un)~VATkiu)\ ^ |a(VTfc(u„))| + |a(VTfe(M))| ^ 2a{i\VTkiun)f + \VTkiu)\Y/^) , 
we deduce that we have in 

s<2a((|VTfe(«„)|2 + |VTfc(u)nV2) 

(|VTfc(u„)|2 + |Vrfe(u)nV2 <; tV2, 

Applying the inequality (3.40), with ^ — WTk{un) and ( ~ VTfc(u), we deduce that we 
have in E!^ 

a((|Vrfc(w„)P + |VTfc(u)|2)V2) 

s<\^ATtM-VATt{u)\ ^ c|vrfc(^i„)~vrfc(u)' '=^"^1^1 ^^^1^ ) 



^ C\VTk{un)~VTkiu) 



(|Vrfe(t.„)|2 + |VTfe(u)|2)l/2 

a(^^/2) 



'a-i(s/2)' 
which leads to 

Using the convergence in measure of VTfc(M„) to VTk{u), for t — t^, we obtain the 
existence of no = no{s, e) ^ 1 such that 

J^^iK)<^ Vn,m^no. (3.41) 

Combining (3.39) and (3.41), we obtain 

/:'^({|VATfe(u„) - \/ATk{u)\ >s})<e Vn ^ no. 

Hence the sequence (S/ ATk{un)) converges in measure to V ATk{u) and the Lemma fol- 
lows. 

□ 

Lemma 3.8. There exists a subsequence of Un such that for all k > 
VATkiun) VATk{u) weakly in ^"^({1^1 < k}) 

lim / ipSI ATk{un) {Tk{un))dx — f ipSI AuSIudx Vip e 2?({|u| < fc}), ip ^ 0. 
Jn Jn 
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Proof. Let us write 

/ <fWATk{Un).^{Tk{Un))dx= [ ifW ATk{Un) {Tk{u))dx 
+ [ ^{VATk{Un)-VATk{u)).V{Tk{Un)-Tk{u))dx 

Jn 

+ [ <fiVATk{u).V{Tk{Un)-Tk{u))dx 

Jn 

= 11' + 1^+1^. (3.42) 

Since V^Tfc(u„) is bounded in L^ip,), there exists a subsequence of w„ and an element 
^ e L^{n) such that 

VATkiun) ^ weakly in L^(^l). (3.43) 

From Lemma 3.2 and (3.43), we deduce that 

lim = / ^^.VTk{u)dx. (3.44) 
Jn 

For I2, we have 

I2 = ip[WAUn — 'VAu).'V{Un — u)dx+ / if^AU-Vudx 

J\UnKk,\u\^k J\u\^k<\Un\ 

= Ili+Ih- (3.45) 
Since X\u\^k<\un\ converges a.e. to in O, we obtain 

lim 7^2 = 0. (3.46) 



Using (2.7), we obtain by Fatou's lemma and the last estimate in the proof of Lemma 
3.5, we get 

^ /^l ^ liminf / LpiV AUn - ^ AUm) -V {Un - Ura)dx 

< ||(^||cx) liminf / N aUu - AUm) ■'^ {Un - 'Um)dx 

< WvWoo liminf - = ||<p||(x,||/n - 
Letting n — >■ 00, we get 

lim /2"i = 0. (3.47) 

n^oo ' 

Using (3.42)-(3.47), we obtain 

lim / LpWATk{un).V{Tk{un))dx= [ ip^.VTk{u)dx. (3.48) 
Jn Jn 
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Using (2.7) and setting e{Y) = we obtain for every vector function Y 

I ip{VATk{un) - Q{Y)).{VTk{un) - Y)dx ^ 0. 
Jo. 

Letting n ^ oo and taking into account Lemma 3.2 and (3.48), we get 

/ <f{^-Q{Y)).{VTk{u)-Y)dx^Q. 
Jn 

Now choosing Y = \7Tk{u) — A??, where A is a positive number and •& is an arbitrary 
continuous vector function, we obtain 



Letting A — >■ 0, we get 



/ ip{^-@{WTk{u)-X'd)).'&dx^Q. 
Jn 

[ ^{^-VATk{u)).Mx^O. 
Jn 



Since -d is an arbitrary continuous vector function, it follows that ^ = V^Tfe(M). As a 
consequence, the Lemma follows from (3.43) and (3.48). □ 

4 Proofs of Theorems 1.1-1.6 and Corollaries 1.1-1.2 

This section is devoted to the proofs of Theorems 1.1-1.6 and Corollaries 1.1-1.1. 
Proof of Theorem 1.1. 

Uniqueness of the Entropy Solution. Let u and v be two entropy solutions of the obstacle 
problem associated with {f,'ip,g). We argue as in the proof of Lemma 3.5, replacing 
and Um, respectively by u and v, and /„, fm by /. We get for h ^ \g\ooj Woo^ t = 2k and 
<k <h, 

I (V^M — ^Av) . V(u — v)dx 

J {\u\^k,\v\^k} 

s; / -f{Tt{u - Th{v)) + Tt{v - Th{u)))dx 
Jn 

+ i \Wu\a{\Wu\)dx+ I \Wu\a{\Wu\)dx 

J{h<\u\^h+t} J{h-t<\u\^h} 

+ / \Vv\a{\Vv\)dx+ I \Vv\a{\Vv\)dx. 

J {h<\v\iih+t} J {h-t<\v\^h} 
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Letting h ^ oo, and using Lemma 3.3, we get 

{Vau - Vav) .V{u - v)dx < 0. 



i 



{|u|^fe>|^fe} 

Using (2.7), we obtain V?i = Vf a.c. in ^ k, \v\ ^ A;}. Since this holds for all fc > 0, 
we have Vm = Vv a.e. in fi. Therefore there exists a constant c such that u = v + c a.e. 
in Q.. Using Poincare's inequality for Tk{u) - Tk{v) = Tk{u) - Tk{g) - {Tk{v) - Tk{g)) e 
Wj'^(n) ^ Wo'^(fi), we obtain 

\Tk{u)-Tk{v)\dx < C [ \VTk{u)-Vn{v)\dx 
In Jn 

from which we deduce that 



/ \u-v\dx^C \Vu\dx + C \Vu\dx. 

J{\u\^k,\v\^k} J {\u\<k<\u\ + \c\} J {\u\-\c\<k<\u\} 

Letting fc — >■ oo, we get 

/ \u — v\dx = 0. 
Jn 

It follows that \u — v\ = a.e. in fl, which leads to u = v a.e. in fl. 
Continuous Dependence. This is a consequence of Proposition 3.1. 

Existence of an entropy solution. Let /„ be a sequence of smooth functions converging 
strongly to / in (fi) , with 1 1 /n 1 1 1 ^ 1 1 / 1 1 1 + 1 • Wc consider the sequence of approximated 
obstacle problems associated with {fn,ip,g). We know (see [25], [21]), that there exists a 
unique variational solution u„ S K^^g of (1.7), which is also an entropy solution. 

Let V € K^^g. Taking w as a test function for (1.9) associated to {fmi^^g), we get 

/ VAWn-V(T((w - u„))(ia; > / -fnTt{v - Un)dx. 
Jn Jn 

Since {\v — u„| < t} C {\un\ < s}, with s = t + \ 

f joo? the previous inequality can be 

written as 



/ Xn'^ATs{Un).Vvdx^ [ - fnTt{v - Un)dx + [ Xn"^ aTsM-V {Ts{Un))dx, (4.1) 

Jn Jn Jn 

where Xn = X{|D-ti„|<i}- It is clear that Xn ^ X weakly* in L°°{Q). Moreover Xn con- 
verges a.e. to X{|^_„|<t} in \ {\v — u\ = t}. It follows that 

_f 1 in {\v-u\<t} 
'^~\ in {\v-u\>t}. 
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Note that wc have {{\v — u\ = t}) = for a.e. t € (0, oo). So there exists a measurable 
set J\f C (0,oo) such that £^({1^; -u\=t})=0 for all t G (0,oo) \ A/". 
Assume that t G (0, oo) \Af. Then Xn converges weakly* in L°°{Cl) and a.e. in ft to 
X = X{|ti-«|<t}- Since V{Ts{un)) converges a.e. to V(Ts(u)) in ft (Proposition 3.1), we 
obtain by Fatou's Lemma 

liminf / XnVATs{un).VT,{un)dx > / x^ATs{u).VT,{u)dx. (4.2) 
Jn Jn 

Using the strong convergence of Va7s(u„) to VaTs{u) in L^(0) and the weak* conver- 
gence of Xn to X in -^°°(^)) we obtain 

lim / Xn'7ATs{u„).Vvdx= / x"^ ATs{u).Vvdx. (4.3) 

Jo JO 

Moreover since /„ converges to / in L^{rt) and Tt{v — w„) converges to Tt{v — u) weakly* 
in L°°{Q), we obtain by passing to the limit in (4.1) and taking into account (4.2)-(4.3) 

/ xVATs{u).Vvdx- [ x^ATs{u).V{T,{u))dx^ [ -fTt{v-u)dx, 
Jn Jn Jn 

which can be written as 

/ xVATsiu).{Vv-Vu)dx^ [ -fTt{v-u)dx, 

J{\v-u\^t} Jn 

or since x = X{\v-u\<t} and V{Tt{v - u)) = X{|t;-«|<t}V(i; - u) 

/ VAU.V{Tt{v - u))dx > / fTt{v - u)dx e (0, oo) \J\f. 
Jn Jn 

For t & Af, we know since |^| = 0, that there exists a sequence {tk) of numbers in 
(0, oo) \ J\f such that tk — > t. Therefore we have 

I VAU.V{Tt, {v - u))dx > / -/Tt, {v - u)dx Vfc > 1. (4.4) 

Jn JO 

Since S/{v — w) = a.e. in {\v — u\ = t}, the left hand side of (4.4) can be written as 

/ WAU.'W{Tt^{v-u))dx= I X{\v-u\<tk}^AU.V{v-u)dx. 

Jn Jn\\v-u\=t} 

The sequence X{\v-u\<tk} converges to X{\v-u\<t} a.e. in f2 \ {\v — u\=t) and therefore 
converges weakly* in L°°{Q. \ {\v — u\= t}). We obtain 

lim / V AU.V{Tt^{v - u))dx = / X{\v-u\<t}^ au.V{v - u)dx 

k^ooJn Jn\{\v-u\=t} 

= / Xilv-uKty'^AU.Viv - u)dx 
Jn 

= [ VAU.V{Tt{v-u))dx. (4.5) 
Jn 
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For the right hand side of (4.4), we have 

/ -fTt^iv - u)dx - [ -miv - u)dx < \tk - t\.\f\i as ^ 00. (4.6) 
Jn Jn 

It follows from (4.4)- (4.6) that we have the inequality 

/ VAW-V(Tt(t; - u))dx > / -fTt{v - u)dx \ft e (0, oo). 
Hence u is an entropy solution of the obstacle problem associated with {f,ip,g). □ 
Proof of Theorem 1.2. Let /„ be a bounded sequence of smooth functions such that 

fn^ f in L\n). (4.7) 

We consider the unique variational solution m„ G K^^g of the obstacle problem associated 
with {fni'tpiQ)- From Proposition 2.1, we have 

fn - ifn - AAijjy < AaUu ^ /„ a.e. in O. (4.8) 

Let us first give a proof assuming that ai < j^zzjO'O- We deduce from (4.8) that we have 
for every ip G ^{Q), (fi ^ 

/ -fn<pdx ^ / VAUn-'^^dx < / (-/„ + (/„ - /S.Ai')'^)^pdx. 

Jn Jn Jn 

Using (4.7) and the strong convergence of VaUu to Vau in L^{'^) (since ai < j^ao, 
see Proposition 3.1), we get by letting n — >■ oo 

/ -fipdx < / WAU.V(pdx < / {-f + {f- AAip)+)(pdx. 
Jn Jn Jn 

Hence we obtain 

f-{f-AA^)+^AAU^f a.e. in ft. 

Let us now deal with the general case. Choose e > 0, fc > HiAlloo, and consider He{t) the 
function introduced in the proof of Proposition 2.1. Let (p G 2^({w < k}) with (f ^ 0. 
Denoting the functions — /„ + (/„ — AaiI>)~^ and — / + (/ — Aa'4')~^ respectively by /i„ 
and h, and multiplying (4.8) by ipH^ {k + e — «„) and integrating, we obtain 

In,k+ / -fnV>H^{k + e-Un)dx ^ / H^{k + e-Un)VA{Tk+e{Un))-'^V>dx (4.9) 
Jn Jn 

/ He{k + €-Un)VAiTk+e{Un)).Vipdx ^In,k+ / hnipH^{k -\- € - Un)dx. (4.10) 

Jn Jn 
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where 



In,k = - f (pVAUn-VUndx. 

£ J {k<Un<k+e} 



Since u„ > > — fc, we have 



In,k = - [ (fiVAUn-VUndx -- [ (fiV AUn-VUndx 



'{u„<k+e} J{u„<k} 

If If 

= - ifV AUn-VUndx / (fiW AUn-VUndx 

e J{\u„\<k+€} e J{|«„|<fe} 

= - / ^WA{Tk+c{Un))-^Tk+,{Un)dx-- [ <fV A{Tk{Un)) .VTk{Un)dx. 

^ Jn ^ Jn 

Letting n — >■ oo, wc obtain by using Lemma 3.8 and the fact that supp{(p) C < A;} 

hm In,k = - [ 'pVA{Tk+e{u)).VTk+e{u)dx-- [ ^VATk{u).VTk{u)dx = 0. 

Now letting n — >■ oo in (4.9)-(4.10), we obtain by using the results of Lemmas 3.2 and 3.8 

/ fifiH^{k + e-u)dx / H^{k + e-u)VA{Tk+e{u))-'Vvdxi^ / hifH^{k + e - u)dx 
Jn Jn Jn 

which can be written since supp{ip) C {u < A:} and k + e — u > e in {u < k} 

[ -fifdx < / VAU.Vipdx < [ {-f + {f- AA^)+<fidx. 
Jn Jn Jn 

This means that 

/-(/-AaV)+ < Aaw</ a.e. in {\u\ < k}, Vfc > ||V|U. 
Hence we have proved that 

/-(/-A^V)+< Aau</ a.e. in fl. 

□ 

Proof of Theorem 1.3. Let ui,M2 be two entropy solutions of the obstacle problem as- 
sociated with {fi,ip,g) and (/2,^,5')- Let fn,fn be two bounded sequences of smooth 
functions such that 

fl ^ r in L\^). (4.11) 
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We consider the unique variational solutions € K^,g of the obstacle problem associated 
with (/^, g). Let = IS.au\ ~ fn^ ^ = 1' 2. Then we have by Proposition 2.3 

/ \£X-en\dx^ f \fi-fl\dx. (4.12) 

Let Aft = {|mi| < fc} n {|m2| < k} and = {\ul\ < k} (1 {\ul\ < k}. We deduce from 
(4.12) that 



which can be written as 

/ IXA^Jn - XAlfl + XAli^Aul - ^Aul)\dx ^ [ 1/^ - f^\dx. (4.13) 
JAk JQ 

Since xa^ 1 a.e. in Ak, we have up to a subsequence 

XAn ^ 1 weakly-* in L\Ak). (4.14) 
Using (4.11) and (4.14), we obtain 

XAj./: ^ fi in L\Ak). (4.15) 
Now we have by Proposition 2.1, for any measurable subset A of Q 

\XAi^Aui\dx < ||/^||li(A) + ||Aa^||li(A) 

< II/; - MIlha) + WMIlha) + IIAaV'IUma)- 

It follows that the sequences (x^n A^mJi) ^.re bounded in L^{Cl), and satisfy the assump- 
tions of Dunford-Pettis Theorem. Therefore we have for a subsequence 

Xa-Aa< ^ Ki in L\n). (4.16) 

We shall prove that Ui = A^Wi a.e. in Ak- To do that, we will prove that xa^A^mJj 
converges to A^Uj in D'(Aft). Indeed we have for e 'D{Ak) 



L 



/ XA^^Aul^tpdx = / AAU^tpdx 

JAk JAkHA" 



VAul^.Vifidx 



AktlA^ 



XA-VA{Tk{uU).V^dx. (4.17) 
Using (4.14) and Lemma 3.7, and passing to the limit in (4.17), we get 

lim / XA2^AKipdx = - V A{Tk{ui)).Vipdx = / AAUitpdx. (4.18) 
^^'>°Ja. J a. J a. 
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We deduce from (4.16) and (4.18) that we have Ui = A^Uj a.e. in Ak- 

It follows from (4.14) and (4.18) that xa^ fl - XA^ fl + XAii^AinK)) - ^A{Tk{ui))) 
converges weakly to /2 — /i + (Ayi(T/c(u2)) — Aa(T'/c(wi))) in L^{Ak). Using the semi- 
continuity of the norm ||.||Li(Afc), (4-11) and the fact that /2 — /i + (AA(Tfc(u2)) — 
AA(Tfe(ui))) = /2 - /i + AaU2 - Aaui =6-6 in Ak, we get from (4.13) 

/ \^i-£,2\dx ^ liminf / \xAifl-XAifl. + {l^A{n{ul))-^Amul,)))\dx 

JAk JAk 

liminf / 1/^ - f^\dx 
\h-f2\dx. 



/ 

Jo. 



Since k is arbitrary, we get 



Jn Jn 



□ 



Proof of Corollary 1.1. Let /„ be a sequence of bounded smooth functions such that 

/„ ^ / in L\n). (4.19) 

Prom Propositions 2.1 and 2.2, we have for a function ^ q^i ^ Xn — X{un=V'} 

A^Mn - (A^'^i' - fn)<ln = fn a.e. in O. (4.20) 

Since < x„ < 1, there exists a subsequence of Xn and a function % e i°°(0) such that 

Xn^X* weakly* in L~(0). (4.21) 

Similarly, there exists a subsequence of g„ and a function q € L°°{^) such that 

qn^q weakly* in i°°(f}). (4.22) 

Using (4.16) and (4.19) and arguing as in the proof of Theorem 1.2, we obtain by passing 
to the limit in (4.17) that 

Aa« - (Aa^ -/)« = / a.e. in O. (4.23) 

We are going to prove that x = X{u=j/)}- Since g„ ^Xn-, we get q^x* a-e. in O. Passing 

to the limit in / (u„ — ip)xndx = 0, we get {u — ip)x*dx = 0. Since ^ x* ^ 1) we 

Jn Jn 
obtain x* = a.e. in {u > V'}- Hence 9 < X* ^ X a.e. in O. 
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Since u satisfies (1.13), we get (A^V-' ^ .f)^q = (AaV' ~ f)~^X: ^-C- in fJ, which can be 
written as {Aa^j — f){x~ q) a-e- in ^- Because A^V' 7^ / a.e. in ^l, we deduce that we 
have q = x = X{m=i/>} a-.e. in Q. Hence (4.18) becomes 

X{u„=^} ^ X{u=^} weakly* in L°°(rj). 

Since Xn and x are characteristic functions, we obtain 

X{„„=^} ^ X{„=^} inL^(ri) Vs < 00. 

□ 

Proof of Corollary 1.2. Let ui,U2 bo two entropy solutions of the obstacle problem asso- 
ciated with {fi,ip,g) and {f2,'4',g) and satisfying (1.13). Let a; be a measurable subset 
of O such that we have, for some A > 0, AaiP — fi ^ —A, a.e. in w, i = 1,2. Then we 
have by (1.13) 



£^ ((/i - /2) n w) = [ Xh^i.dx = I \xi, - XI. \dx 
= / |X{«=Vi} - X{«=V2}Ma; 



HAa^ - /l)X{«=Vi} - i^Aip - f2)X{u=,P2}\dx 
J J \{AAUi-fi)-{AAU2-f2)\dx 

J J \^i-^2\dx 

\jjfl-f2\dx. 



□ 



5 Growth of the Gradient near the Free Boundary 



In all what follows, wc assume that the obstacle ^/^ = and without loss of generality, we 
assume that xo = and wq = Bi = {x : ||x|| < 1 }. 

Moreover due to the local character of the results of the coming sections, we will restrict 
ourselves to the unit ball and will consider the solutions of the following class of problems 



uGW''^{B,)ncl;:{B,) 

Aau^J in {u>0}nBi, 
^ u Mo in Bi, 
0€d{u> 0}, 
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where Mq is a positive number. We may also assume that there exists a positive constant 
Ml = Mi(ao,ai, A^, a(l),Mo, Aq) such that 

W\i,a.By,^M, WueTA. (5.1) 



The following theorems give the growth of the elements of the family Ta and their 

gradients near the free boundary. The first one was proved in ^ by contradiction. We 
provide here a direct proof. 

Proposition 5.1. There exists a positive constant Cq — Co{ao, ai, N, AIq, Aq) such that 
for every u £ Ta, we have 

s; u{x) < CoA{\x\) Vx e Bi 
where A is the function defined by (1.21). 



Proof. Let fc e N U {0} and set i^k{x) = for x e Bi. We have 



AALOkix) = 2-''{Aau){2-''x), IIAAWfclloo 2-''Ao 
Mo 

9-fc r" - 

^ -t>l/2 



^ Wfe < in Bi, inf uJk = 0. 



By Harnack's inequality (see Corollary 1.4 [E]), we have for some constant C = C(ao, ai, TV, Mq), 
sup cjfc < C( inf UJk + a-\2"'=Ao)) = Ca-\2~''Ao). 

We deduce from (2.5)-(2.6) that 



sup u = 2-^ sup UJk ^ 2C2-^-^a-^ {2-^-^2 A^;) ^ C A{2~^~^) 
where C" = 2C(l + ^) max ((2Ao)^, (2Ao)^). 

Now, let X e i3i/2 and set r = Then there exists fc e N U {0} such that 2^*=^^ r < 
2"''-i and we have by (2.5)-(2.6) 

u{x) ^ sup u < C"I(2-'=-i) ^ C"I(2r) s$ C .2^^+^^ A(r) ^ 2^'^+^^ C A(\x\). 
If X e Bi \ i?i/2, we have 

u{x) ^ Mo = ^^(kl) ^ J^I(|x|). 
A(|x|) A(2-i) 

□ 



38 



Proposition 5.2. There exists a positive constant C\ = Ci{ao,ai,a{l),N,Mo,Mi,Ao) 
such that for every u G Ta, we have 

\Wu{x)\^Cra-Wx\) VxeB3/4. (5.2) 



In order to prove Proposition 5.2, we need to introduce some notations. For a 
nonnegative bounded function m, we define the quantity 

S{r, u) = sup u{x). 
We also define for u G Ta the set 

V{u) = {j e N/ 2^oS{2"^~\ \S/u\) > S{2-\ \Vu\)}. 

Then we have 

Lemma 5.1. Assume that P(u) ^ 0. Then, there exists a constant 
ci = ci(ao, ai, a(l), Mq, Mi, Aq) such that 

S'(2-^-MVu|) ^ cia-i(2-^) VueJ"A, Vj e P(u). 



Proof. We argue by contradiction. So we assume that 

Vfc e N, 3ufc e Fa, ^3k e P(wfe) such that 5(2-^'=-\ |Vufe|) > fca-^(2-^'=). 

Consider Wk{x) = — ^^^^ for x G Bi. We have Vwhix) = Vuk{2~^^x) and by 

Proposition 5.1 

AAWk{x) = 2-^^{/^AUk){2-"'x), IIAAWfclloo ^ 2-^'=Ao 

< Wfc < Co ^ in Si, w;fe(0) = 0. 

Now let = — - — : — i—^ — 7- = - — . . — — ^ = — for X € B\. 

We introduce the functions 



a[mk) Jo 



A{mkt) 

T — 



mka{mk) ' 
Then it is easy to see that Vk satisfies 
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IIAs.Wfelloo = IIAAWfclloo < 2 ^'"Ao 

sup \Vvk \ = 1 
Ufc(O) = 0. 

Since bk satisfies (1.5) with the same constants ao and ai, we have V). € C';o"(-Bi) with 

\vk\i,a,B3^i < C(ao,ai,a(l),iV, Co, Ao). 

Hence up to a subsequence, we have v ^ Vk C^'^ for all /3 G (0, a). We 
deduce that sup^^^^ \Vvk\ — >■ sup^^^^ Therefore we have sup^^^^ \Vv\ = 1. But this 
contradicts the fact that 

(J 

< v(x) = limk^ooVkix) ^ liruk-i-oo-r — for all x G Bi. 

k 

□ 

Proof of Proposition 5.2. 

Let S{3/4, |Vm|) = Ml = C(ao,ai,a(l), A'',Mo, Ao). First, we prove by induction that 
we have for C2 = max{ ^_^^^^^ , Ci2°o ) 

5(2-^ |Vu|) < C2a-^(2-^) Vj e N, Vu e /"a. 
Let u e For j = 1, we have 

S{2-\ \Vu\) = 5(1/2, \Vu\) < Ml = _i^a-i(l/2) ^ C2a-\2-'). 

Let j ^ 1 and assume that S{2~\u) < C2a~^(2~^). We distinguish two cases : 

- If j e P(w), we have by Lemma 5.1 and (2.5), 

S{2-^-\ \Vu\) < cia-^(2-^) = cia-i(2.2-^-i) < ci2^ a-\2-^-'^) < C2a-^(2-^-i). 

- If j ^ P{u), we have S{2~^~^, \Vu\) < Jj^^ . Using the induction assumption 

2<'o 

and (2.5), we get 

S{2-^-\\Vu\) < ^a-i(2-^) < ^2^a-i(2-^-i) = 020-^(2-^-1). 
2 »o 2 "0 
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Now, let X G i3i/2 and set r — \x\. Then there exists j E N such that 2 ^ -'^ ^ r ^ 2 

(1/2)' 

Vw(:e)| < sup \Vu{y)\ ^ S{2-' ,\S/u\) C2a-\2-^) 



and we have for Ci = niax( ^_j^^ , e22°o ) 



< C2a-i(2r) ^ C22^a-\r) < Cia^\|:E|). 



If X G -B3/4 \ Bif2, we have 



□ 



6 HausdorfF Measure Estimate of the Free Boundary 



We shall start by establishing local L^— estimate for the second derivatives of m. In order 
to do that, we define for each r > and each function u € JFa, the quantity 



Eir, u) 



\Br. 



dx 



1 



a{\Vu{rx)\ 2 f 

D u(rx)\ 



\Bi\ JB,n{Vuirx)^o} L \Vuirx)\ 
We also introduce for each e G (0, 1), the unique solution of the problem 



dx. 



u G 



^A,Ue = fH^{u^) in Bi, 
where Af is the function defined in Section 2. 



Lemma 6.1. Under the assumptions (1.24)-(1.25), there exists two positive constants 
C2 = 02(0-0, ai, t^, Ml) and C3 — 03(00, N, t^, Mi) such that we have for every u G J- a 



E(l/2,u)^C2a'(\\Vu\\B,,,,oo)+Cza(\\Vu\\B,,,^oo) [ |V/|da 



(6.1) 



Proof. Let u G J-^a and consider for each e G (0, 1) the unique solution of the problem 
(Pe). Note that ^ w in W^''^(Bi) and that G W^^^(Bi) (see [l^). Moreover we 
have by taking ip^. as a test function for (P^) and integrating by parts, where if G 'D(Bi) 
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JBi JBi 

Jb, Jb, 



(6.2) 



By density (6.2) remains valid for (p = G{uexi)C^, where G{t) is smooth enough and 
C e V{B3/4) such that 

< C < 1 in -B3/4 
C=l in Bi/2 
IVCK4 inB3/4. 

Setting te = {e + iVu^p)^/^, the left hand side of (6.2) becomes 



a(*e), 



(^t - l] 



Jb, U 

JBi L ^ 

JBi 



e+|Vue|2 



.[C2G'(«,,JVWex. +2CG(Ue.JVC] 



|VWej;,.VUe 



+ 



= I\+Il 



\ a{te) 



e+ |VUe|2 



dx 



da; 



(6.3) 



According to the assumption (1.25), wc shall discuss two cases: 

1^* Case : t is non-increasing in (0,t*) 

a((e + ^2^l/2^ 

Let G{t) = — — ,o\M-:> t- Then we have since ao ^ 1 



(e + i2)i/2 



G'{t) = 



(e + t2)i/2 L + Va((e + t2)i/2) 
a((e + t2)i/2) 



+ i2 



(e + t2)i/2 • 

Let Se = (e + |uea;j2)i/2_ Using Cauchy-Schwarz inequality and (1.5), we get 



JBi 



For /j, we have by Young's inequality, since |VC| ^ 4 



|VuexJ dx. 



(6.4) 
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,2 



2 



IVUexil dx 



+ - 



32(2 + ai)2 /■ a{s^)a{t^) 



L 



3/4 



«0 [ ^2«(Se)«(*e) 



Si 



'da; 



+ 



32(2 + ai)2 



(a(ie))^da;. 



(6.5) 



3/4 



On the other hand, integrating by parts and using the monotonicity of -ffe, we have 
P = [ fH,{u,){G{u,^X%,dx 

JBi 

fH'^{Ue)Uex,G{Uexi)Cdx- / fxiH^{u^)G{u^xi)(^dx 

JBi 

fx.H,{u,)G{u,x,)edx. (6.6) 

Hence we get from (6.2)-(6.5) that 

.2a(s.)a(t.),^„. ,2^^^ 64(2 + ai)2 



JBi Se te -^53/4 % J B^/^ 



(6.7) 



Note that we have 



a{U) 



|Vu, 



n 2 



+ 



1/2 



/ 



dx — 



Si/2n{s,s;t,<u} 



— IVMeXi 



2n{Se<U^te} 



da; + 



Bl/2n{t.^Se<^te} 



dx 
ajte) 

te 



|VUe 



dx. 
(6.8) 



Using the monotonicity of in (0,t*), and the uniform boundness of ||te||s3/4,oo, we 
get 



Bl/2n{Se^te<f.} 



dx < 



Q(Se) ajte) 
■Bi/2n{se^te<t.} 



IVuexipda;. (6.9) 
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Sl/2n{Se<t.^te} 



a{\\U 



1 2 



dx ■■ 



a(t*) a{te) a{te) ,2 



-|Vue2:J da; 



IVuexJ rfa;. (6.10) 



/ 



/2n{t,^Se<^te} 



dx = 



Taking into account (6.8)-(6.11), we get 



\Vuexfdx. (6.11) 



1/2 



a(te) 



da; ^ max 



V ' a(t*) 



a(s,) a(te) 



1/2 



\VUecofdx. (6.12) 



Using the fact that ^ = 1 in B1/2, we deduce from (6.7) and (6.12), by summing up from 
i = 1 to i = N that 



Sl/2 



«(*^)in2 . / 64Ar(2 + ai^2 



dx ^ 



27V / a(||^e||B3/4.oo) A /■ 
+ — maxfl, — ^ / \Vf\a{Qdx. 



max 1 1 



(> 



a(ll^«:||-B3/4,cx)) 

a(t*) 



(a(te))^(ia; 



3/4 



(6.13) 



It follows from (6.13) and since Vu^ is uniformly bounded in -B3/4, that ^j^D^Wg is 
bounded in L'^{Bi/2). So there exists a subsequence and a function W e L'^{Bi/2) such 
that 



te 



Passing to the liminf in (6.13), we obtain by taking into account the fact that Vue 
converges uniformly, up to a subsequence, to Vu in B3/4 



'1/2 



iWl^dx < liminf 



1/2 



dx 



^ 64iV(2 + ai)2 a(||Vu||s3/4,oo) 
< 3 max 



2N 1^ 
H — 5- max 1 
al \ 



a(||V 



u Lb. 



3/4/ 



a(t*) 



(a(|Vu|))2(ia; 

3/4 

|V/|a(|Vu|)da;. 



'3/4 
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Since Vu^ converges uniformly to Vtt in -B3/4, we deduce that D'^u G Lfg^{Bi/2 fl {Vu ^ 
0}). Consequently we obtain W = "||^^^^ -D^ u a.e. in B1/2 H {Vu 7^ 0}, and therefore 
we get 

, X 647V(2 + ai)2 8,jv / a(Mi)\ 
i;(l/2,u) < ^4 (3) max(l,^^ja2(|Vu|B3;„oo) 

^ CW{\Vu\B,,,,oo)+C3a{\Vu\B,,„oo) [ IV/ldx. 

2"*^ Case : f — )• is non-decreasing in (0,f*) 

Let = Using (1.5), we obtain 

Il^ao f e^l'^u.^fdx. (6.14) 
For I2, we have by Young's inequality, since |VC| ^ 4 



|/|| < / 8(2 + ai)C^|«exJ|V«ex,Mar 

^ 1 /■ ^2^|^^^^j2^^^32(2 + ai)2 / z^\u,,^\-dx 

^ JBi f-e ^^3/4 f-e 

< I f C^^\Vu,,fdx + 32{2 + aif [ Ua{U)dx. (6.15) 

Integrating by parts and using the monotonicity of i/^, we obtain as in the previous case 

P = f fH,iu,)iu,,,eUdx 

= - .fK{'^e){Uu,XifC'^dx- / fx^He{Ue)UexiC^dx 
JBi JBi 

< - / f,M,{u,)u,,,C^dx. (6.16) 

JBi 

Hence we get from (6.2) and (6.14)-(6.15) that 

/ ^:^\D^Ue\'^dx ^64N{2 + aif f Ua{U)dx + 2j \yf\\Vu,\dx. (6.17) 
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Using the monotonicity of in (0, t*), we get 

if ||te||B3/.,oo>t* J " 11*^11^3/4.- ^' t* 

We deduce from (6.17) that 

1 1 *e 1 1 -83/4,00 ^ t.jf J ./r, ,„ 



^aAAT(r,, ,2 "(I l^-^l 1^3/4,00) / ||t€||B3/4,Oo\ / . / . X , 

< 64A'(2 + ai) — -j — -j — maxll, 1 / t^a{t^)da 

, „a(ll*e||B3/4,Oo) / ||i6||s3/4,0o\ [ I , 

+ 2— — -| — ^ maxfl, ) / \Vf\\Vu^\dx 

||te||B3/4,oo ^ J Jb,_,^ 

^ MN{2 + ai)2|B3/4| max (l, ) a^(| |^.| [53/4,00) 

a(l|i.||B3/4,oo) / |V/|da;. 

>^Bq /4 



+ 2 max 1, 



Passing to the Hmit, as in the first case, we obtain 



pn/o ^ <- (, ll^"ll^3/4.oo v 64iV(2 + ai)2|i33/4| 2,||v7 u ^ 
E{l/2,u) < max(^l, j — — ■ a (||Vu||b3/^,oo) 



t* /V 1^1/2 1 

+ P^«(l|V^i||B3/4,oo)^ |V/|da;) 



^ C2a2(||Vn||s3/4,oo) + C3a(||Vu||B3/4,oo) / |V/|rfx. 

"^B3/4 



□ 



Now we prove that E{r, u) is uniformly bounded under the assumption (1.24)-(1.25). We 
observe that (1.24 means that 

3i^o>0: Vre (0,3/4) / \S/ f\dx ^ Kor^''^ . (6.18) 

J Br 

In particular, (6.18) is satisfied if / € C"^'^(B3/4). 
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Lemma 6.2. There exists a positive constant C4 = C4{ao,ai,a{l), N, Mq, Mi, Aq, Kq) 
such that we have 

E{r, u) ^ C4 Vw G J^A Vr e (0, -). 



Proof. Note that it is enough to prove the lemma for r G (0, j). Indeed for r G [j, we 
have by Lemma 6.1 



E{r,u) = 



n{v«7io} 



i{\Wu\) 



|Vn| 



D^u\ 



dx 



I-B1/4I JBi/2n{v«#o} 

\Bl/2\ 



«(|Vu|)|^,^l 



dx 



\Bl/4\ 



E{ll2,u) 



^ 2^(Cia2(||VM||s3/4.oo) + C2a(||Vzi|| -83/4,00 



'3/4 



< C4 = C4(ao,al,a(l),A^,Mo,^^:o)• 



For r e (0,4), we consider the function Vr{x) 



u{2rx) 



defined in Bi. We have by 



4,, 2^ 
definition of u^., Propositions 5.1, 5.2 and (2.5)-(2.6), we have 

Q^Vr^ Co^^ < Co2^+^a-^{r) in Si, 

|Vt;r(a;)| = |Vu(2ra;)| < Cia-^(2r) < Ci2^a-^(r) in Si, 
= 2r{D'^u){2rx). 



(6.19) 

(6.20) 
(6.21) 



Using (6.21)-(6.22), we compute 



= A/ 

= —I 

= Ar'^E{r,u). 



«(|V^r(Hl) |r.2 /I 
«(|Vu(rx)|)2^l^,^^^^^l 



da; 



|Vu(rx) 



dec 



(6.22) 



Moreover, we have 

/S.AVr{x) = 2r{AAu){2rx) = 2rf{2rx)x{u{2rx)>o} = fr{x)x{vr{x)>o}- 
Using (5.2) and (6.18), we obtain from Lemma 6.1 
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^^(^.^^r) < C2a^{\\VVr\\Bs,„oo) + C3a{\\VVr\\B,/„o.) [ \V fr\dx 

^ C2{a{Ci2^a-\r))f +'ir^C3a{Ci2^a-^{r)) f \Vf{2rx)\dx 

< C2{ma^{2Cl\2Cl')fa''{a-^{r)) 

+22-^r2C3max(2C7«°,2Ci"0rr-^ j \Vf{y)\dy 

^ 4C2 (niax(Ci"" , C^^ yfr^ + 2^-^C?. max(Ci"'' , C^' )Kor'^ 

= max{C^'\C'l')(m'Ax{C^" ,CT)C2 + 2^-^C3Ko) = ACat^. (6.23) 

Taking into account (6.22) and (6.23). we get 

E{r,u) ^ C4 = C4{N,ao,ai,a{l),Mo,Ao,Ko). 

□ 



Lemma 6.3. We have 



{H,{u,)f ^ pa((e + |V^.,ni/2) 



'°(2 + ai)2 ^ L (e + |Vu,|2)i/2 



a.e. in Bi. 



(6.24) 



Proof. Since € W^joc (-Bi), we obtain from (P^) by using (1.5) 



:+|Vue 



< (2 + ai)2 



a((e+|Vue|2)V2) 



(e+|Vue|2)i/2 



Hence (6.24) holds. 



□ 



Lemma 6.4. There exists a positive constant C5 = C5{ao,ai,a{l), N, Mq, Xq, Aq, Kq) 
such that for any < S < a{t^/2) and r < 1/4 with B2r{xo) C Bi and xq € d{u > 
0} (1 Bi/2, we have 

L^(Os n Br{xa) r\{u> 0}) ^ C5^r^"\ (6.25) 
where Os = {|Vm| < a-^{S)} (1 B1/2. 
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Proof. Let r < 1/4, S > and xq € 9{u > 0} fl B1/2 such that B2r(a;o) C Bi. We choose 
a function ( G T^{Bi) such that 

< C ^ 1 in S2r(a;o) 

C = 1 in Brixa) 

|VC| < ^ in B2r(a;o). 

We denote by Ue the unique solution of the problem (Pe)- Let G be a function such that 
Giu^Xi) € W^'^(-B2r(a;o))- Arguing as in the proof of Lemma 5.1, we get for ^p = G{uexi)C 



JBi JBi 



Integrating by parts, we get by taking into account the monotonicity of 



f (yA^u,)x..V{G{u,x.)Odx= f fH,{u,){G{u,xX)xdx 



/ fH'^{Ue)UexiG{Uexi)Cda 
■ I fxiHeiUe)G{Uf_XiKdx 
fx,He{Ue)G{Uexi)Cdx. 



B2r-(X0) 



(6.26) 



Note that 



( 



a{te) /e+lVu 



Then (6.26) becomes 



Mte) 



B2r(xo) 



B2r(a!o) 



e+|Vue|2 



ite) 



dx 



.VCdx 



- / fxiHe{Ue)G{Uexi)Cdx 

JB2r{xa) 

^\Vuex,\dx~ [ fx,H,{u,)G{u,xXd'. 



< -ai / |G(w, 



(6.27) 
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Now we have 



Ib- 



'B2^{xo) 

+ 



= Ji + Ji 



(6.28) 



According to the assumption (1.25), we shall discuss two cases: 
1^* Case : is non-increasing in (0,t*) 



t 



For each e > and = a{2a ^(5)), we consider the function 

if t>a-^{r{) 



G{t) 



(e + (a-i(r?))2)i/2 
(e + i2)i/2 



(e + (a-i(r/))2)i/2 
G is Lipschitz continuous and we have 



if \t\^a-\ri) 
if t < -a-i(?7). 



G'{t) = 



a((e + t2)i/2)p^ ^ ^ a^((e + t2)i/2) 
a((e + f2)i/2) 



6 + ^2 



ao 



(e + i2)i/2 

(e + t2)l/2 ^{l*l<«-H'7)} < <^ (*) < ^1 (e + t2)l/2 X{|t|<a-i 



XilfKa-iC?)} 



Let = (e+ |Vzt,|2)i/2. Since C = 1 in and {\Vu^\ < a"^(?7)} C < a'^r])}, 

we obtain from (6.27)-(6.28) and the monotonicity of since a~^{r]) = 2a~^(2J) < 



iB,n{|V«,|<a-i(r))} ^ te y Je 



Brn{\u,_^A<a-^ri)} 



all 

J Br-r\{\u^ 



a((e+|«,,.ni/2)^(^^) 



^-ai{Jl + Jl)+[ \W f\\G{u,,;)\dx. 
^ ■JB2AX0) 

Since |G(f)| < a((e + (a~^(77))2)^/2, we obtain by taking into account (6.18) 
/ \Vf\\GM\dx < a{{e+{a-\n)ff/^ I \W f\dx 

JBnAxa) JBnAxa) 



(6.29) 



^ Xoa((e+(a-i(r,))2)V2(2^)A'-i. 



(6.30) 
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We claim that \G{uexi) — G(uxi)| — > in L'^{B2r{xo)), as e — )• 0. 

Indeed, first we have \G(u^x^) — G{ux^)\ ^ rj^/x € B2r{xo)- 
Let X e B2r{xo)- We discuss two cases : 

* If Uxi{x) = 0, then there exists by the uniform convergence of Vu^ to Vw in -B1/2, 

a((e+\u P)i/2) 

eo > such that Ve € (0,eo), Kx^x)] < a'^iv). So G{u^x.) = )\ , ' u,x„ 



G{uxi{x)) = and 



(e + |t.,J2)i/2 



\G{u,xJ - G{u,x,)\ 



UexAx) - 



(e+|«,,^(x)|2)i/2 
^a{{e+\u,xfy^^)^a{\ux,\)=0 
e 0. 

* If Uxi{x) 7^ 0, then > and there exists an eo > such that Ve e (0, eo), 

\uxM\/^ < Kx.{x)\ < 3|u^.(x)|/2. So 



\G{u,xJ - G{ux,)\ 



\G'ie,)\.\u,xM-uxM\ 



with 9e 



\Uex,ix) - Uxiix)\ 



a(\ux (x)\) , , , , , , 

On the other hand, we know (see proof of Lemma 6.1) that 



a((e+|V«,|2)V2) 



(e+|VueP)i/2 



1 2 



dx < C. 



It follows that up to a subsequence 
a((e+|V«,|2)i/2) 



Therefore 



(e + |Vw,|2)V2 

a((e+|V^en^/^) 

(e+|VUe|2)V2 



Vuexi ^ Wi in L2(B2^(a;Q)). 



Uxi{x) 



IVuexJrfa; — )• 0, as e 0. (6.31) 



For J 2, we have 
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^2 = 



/ \GM\- ''fll^"iZ!2^ \^^^^ since G(0) = 

a{{e+\Vu,\^)y^ ) 
i32.(xo)n{V«/0} (e+ |Vwe|2)i/2 

a((e+|V«,ni/2)) 



<a((e+(a-^(77))^)V2) f 
^a((e + (a-i(r?))2)V2)|B2,(xo)|V2. 



B2r(a;o)n{V«5^0} 



(e + |VueP)i/2 



2)^ 



2\ 1/2 



I]) 



(6.32) 



We claim that Os C {|VMe| < a ^(r?)}. Indeed since Vue converges uniformly to Vu in 
-Bi/2! there exists eo > such that 

Ve e (0, eo), I Vue - Vn^ ,5^^^ < a-i(5)/2. 



We deduce that for x G r\Os, 



Ve e (0, eo), I Vue(a;)| < \Vu,{x) - Vu{x)\ + \Vu{x)\ 

< a-i((5)/2 + a-i((5) 

< 2a-\S) = a-\r]). 



We obtain from (6.29) 



Br-(xo)nOs 



(^) \Vu,,fdx < -ai(JJ + J*) 

+ifo2^-ia((e + (a-i(r?))2)i/2^iv-i_ (g ^g^ 
Summing up from i = 1 to in (6.33) and using (6.1) and (6.32), we get 



i—N 



(2 + Oi)2 JB^{xo)nOs 

+Na{{e+{a-\n)ffl^)\B2r{xo)\''^. 



i=l 



-B2,-(xo)n{Vu5^0} 



2 ^ 1/2 

dx 



(6.34) 
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Letting e ^ in (6.34), and using (6.31) and Lemma 6.2, we obtain 



(2 + 



dx 



s^(xo)n05n{u>o} 



< ^Nn\B2r{xo)\'/'. 
r 

+ NKo2^-^T]r''-^ 
2, 



B2r(a:o)n{VM5^0} 



ai\Vu\) 



\Vu\ 



\D'u\ 



dx 



1/2 



N7j-\B2r{xo)\^/^.{C{ao, ai, a(l), N, Mo, Aq, Ko)\B2r{xo)\)^^^ 
r 

+ NKo2^-'r,r^-\ 
which can be written 

£^(05 n Brixo) n{u> 0}) < C{ao, ai, a(l), AT, Mq, Aq, Aq, Ko)6r''-\ 

2"'^ Case : is nondecreasing in (0,f*) 

For each e > and r] = a{2a~^{S)), we consider the function 

if t>a-^{ri) 



G{t) = <^ 



(e + (a-i(r?))2)i/2 



if \t\^a-\ri) 



a((e+(a-(.))^)^/\-i(^^ , ^ _^_i(^^_ 



G is Lipschitz continuous and we have 

^ ^ W = (e+(a-i(^))2)i/2 >^{|t|<-H.)}- 

Using (1.5) and the fact that C = 1 in S^, and since \G{t)\ ^ a((e + (0-^(77))^)^/^, we 
obtain from (6.27)-(6.28) by taking into account (6.18), we obtain 



\S7Uexi\'^dx 



Brn{\u,^^\<a-Hr,)} (^ + (« ^iv)W^^ te 

< -ai / \G{u,,J\^\S/u,,,\dx + Koa{{e+{a-\rj)fy/^i2rf-\ 



Since {IVuel < « ^(??)} C {|wea;i| < a ^('y)}) we obtain by using the monotonicity of 

(lit) . /„ 

m (0,i*) 
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JBrn{\Vu,\<a-^ri)} ^ U J 



< f a((. + (a-^(r;))^)V^) a(t.) 

< -ai(Ji + J^) + Ko2^-'a{{€ + {a-\v)yy^^r^-\ (6.35) 
r 



Since 



(e+(a (??)))' 

we deduce that \G{uexi) — G{uxi)\ — > in L'^{B2r{xo)), as e ^ 0. 
As in the first case, we have up to a subsequence 

Therefore 

.a((e+|V«,ni/2) 

'B2r(a:o) 

For J2, we have 



= / IGKxJ - g(^xJ||( "f^|[Y"|rurV ^exJrfa; ^0, as e ^ 0. (6.36) 
JB2AX0) {e+\Vue\^)y^ 



./S2^(xo)n{Vu#o} (e + |VUe| ) ' 
<a((e+(a-(,))^)V^)|5..(.o)|V^.(/ [ "r^^iriw^^ l^^^l] T'^- 



(6.37) 



As in the first case, we have C -B1/2 n {|VMe| < a ^{r\)]. Since we have also {|VMe| < 
^"^('7)} C {|wexj| < a~^(77)}, we obtain from (6.35) 



/ (4^) Vw.xJ'rfa; < -ai(Ji + J|) 

+i^o2"-V((e + (a-i(r;))2)VV^-i. (6.38) 
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Using (6.1), (6.37), we get from (6.38) 



(2 + ai)2 JB^(xo)no, 



-Na{{e+{a-\T^)fY/^)-\B2r{x^)\^'^. 

r 



a{te) 



D 



2„ 



2 ^1/2 

dx 



'-B2,.(ano)n{V«/0} 

+NKo2^-^a{{e + {a-\T^)ff'^r^~^. (6.39) 



Letting e — > in (6.39), and using (6.36) together with Lemma 6.2, we obtain 

dx 



X2 
-^0 



(2 + ai; 



Br-l,xo)nOsr\{u>o} 



< ^ 



^N7^-\B2r{xo)\^/^.iCiiaQ,ai,ail),N,Mo,Ao,Ko)\B2rixQ)\y/^+NKo2''-'7jr''-\ 
r 

which can be written 

£^(05 n Brixo) n{u> 0}) ^ Cs = C5(ao, ai, a(l), Aq, iV, Mq, Ao, i^o)'5r^"'. 

□ 

Now we give the proof of Theorem 1.5. 

Proof of Theorem 1.5. Let r e (0, 1/4), Br{xo) C Bi with xo £ (9{u > 0} n i?i/2 and 
S > 0. First we recaU the definition of Hausdorff measure. Let £^ be a subset of and 
s G [0, oo). The s— dimensional Hausdorff measure of E is defined by 

H%E) ^ HUE) = snp HUE), 



where for J > 0, 

^^diam{Cj)Y 



i^Ki?) = inf { f2a{s)[^^^^y I C U^^., d^am{C,) ^ 5 } 



/•oo 

a{s) ~ — — 77^— p;-, r(s) = / e^^f'^^dt, for s > is the usual Gamma function. 
^ " ' ^ Jo 



r(s/2 + i)' 

Let E ~ d{u > 0} n Br{xo) and denote by {Bs{xi))i^i a finite covering of E, with 
Xi G 9{m > 0} and P{N) maximum overlapping. 

From the proof of Theorem 3.1 of [8], we know that there exists a constant cq = 
c(ao, ai, A^, Mq, Ao, Aq) such that 

^i^I 3y.,eBs{xr) : BcAy^) ^ Bs{xr) r\ {u > Q} r\ Os- (6.40) 



55 



We deduce from (6.17) and Lemma 6.2 that 

^ P{N)C^ {Br{xo) n {u > 0} n Os) ^ P{N)C5r^-^ 
where C = C{N, uq, ai, a(l), M, Aq, Aq, Kq). This leads to 



^ /toS^N^-i a{N - 1) p^mCr^-i 



C = C{N, ao, ai, a(l), Mq, Aq, Aq, Kq^ 
^Cr^-K Lettir 
H'^-\d{u > 0} n Br{xo)) < Cr^ 



It follows that iJf > 0} n Br{xo)) < Cr^-^ Letting 6 ^ 0, we get 



□ 



Finally we give the proof of the stability result in Corollary 1.1.. Wc will use the same 
notation I{u) to denote the local coincidence set {u = 0} fl B1/2 for each u £ Ta- We 
also set = {cc e S : d(x^ E'^) > e }, where E'' is the complement of the set E. Then 
we have 

Proof of Corollary 1.1. We set E_^ = {x e E : d{x,E'') > e }, where E" is the 
complement of the set E. 

i) First note that if x e /(ui), then u\{x) = and then 

U2{x) = \ui{x) - U2{x)\ < |ui - ^2100 < A{e). 

We deduce that I{ui) C {u2 < ^(e)} H B1/2 and in particular 

I{ui) \ I{U2) C {0 < U2 < A{e)} n Bi/2. 

Since moreover {0 < U2 < ^(e)} H S1/2 C fl Bxi2, it follows then by Lemma 6.1 that 
we have 

£^(7(ui) \ I{U2)) ^ C'iO, n B1/2) < C(Af, ao, ai, a(l), Mq, Ao)e. 
Similarly we prove that 

£^(J(m2) \ /K)) < C{N, ao, 0,1, a(l), Afo, Ao)e. 
It follows that C^{I{ui) H- I{u2)) = \ /(W2)) + 'C^{I{u2) \ I{ui)) < Ce. 
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a) We have already proved that /(ui) C {u2 < A{e)}r\Bi/2. Let us show that {I{u2))-Ce C 
I{ui). So let X S {I{u2))-Ce- Then we have x G /(■U2) and d{x, {I{u2)y) > Ce. Now as- 
sume that ui{x) > 0, we obtain by using Lemma 3.1 of [S], for C large enough 

sup ui ^ ^A(^Ce) + ui{x) > 1(e). 

We deduce that there exists x' G dBce{x) such that ui(x') > A(e). If U2(.t') = 0, we 
obtain Ui(x') < A{e). Hence we have necessarily U2{x') > 0. This leads to d{x, (/(u2))'^) ^ 
\x — x'\ = Ce, which contradicts the fact that d{x,{I{u2)Y) > Ce. We conclude that 
ui{x) = 0, i.e. X G I{ui). □ 
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